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Abstract. By defining tracial states on a non-commutative analogue of a path space, we 
construct Markov dilations for a class of conservative completely Markov semigroups on 
finite von Neumann algebras. This class includes all symmetric semigroups. For well chosen 
semigroups (for instance with generator any divergence form operator associated to a deriva- 
tion valued in the coarse correspondence) those dilations give rise to stationary solutions 
of certain free SDEs previously considered by D. Shlyakhtenko. Among applications, we 
prove a non-commutative Talagrand inequality for non-microstates free entropy (relative to 
a subalgebra B and a completely positive map rj : B ^ B). We also use those new deforma- 
tions in conjunction with Popa's deformation/rigidity techniques. For instance, combining 
our results with techniques of Popa-Ozawa and Peterson, we prove that the von Neumann 
algebra of a countable discrete group with CMAP and positive first Betti number has 
no Cartan subalgebras. 



Introduction 

The purpose of this paper is to introduce a Path space approach to solve stochastic dif- 
ferential equations (SDEs) driven by free Brownian notion, a large N limit of Brownian 
motions on N x N hermitian matrices. Beyond applications to random matrices ([3].|12]). 
free SDEs already appeared useful in getting lower bounds on microstates free entropy di- 
mension do{Xi, ...Xn) (IB]), especially in the goal of comparing it with L^-Betti numbers 
of groups(cf. e.g. [21]), specifically /Sf (r) - (3'o '{T) + 1. ( see also [26] for comparison with 
another entropy dimension). This study hugely motivates the search for stationary solutions 
of the following kind of free SDEs : 

(1) = Xo - i [\AiX))Js + /V(X)),#rf5,. 

^ Jo Jo 

Here, 6 : L'^{M,t) {L'^{M,t) ®L'^{M,t))^ is a densely defined real closed derivation 
valued in a direct sum of coarse correspondences of a finite von Neumann algebra (M, r), 
A = 5*5 the associated divergence form operator, St = {S^, S^) a free Brownian motion 
® bi) = J2i (^iS^h the usual isometry from the coarse correspondence enabling the 
definition of a stochastic integral. 

Let us note that (1) is chosen to make possible stationary solutions, i.e. solutions such that 
the von Neumann algebra generated by translates at time t, W*{Xt), does not depend on t so 
that at{Xo) = Xt extends to a von Neumann algebra endomorphism from M = W*{Xo) to 
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the III W^*-algebra M = W*{Xt,t > 0) where the equation is solved. Solving this equation 
thus gives a deformation (in the sense of Popa) of M or a (trace preserving) dilation of 
the completely Markov semigroup 0t = exp(— tA/2) since at also satisfies i?A/(aj(X)) = 
(j)t{X). As explained later, we do apply in this paper those dilations in conjunction with 
Popa's deformation/rigidity techniques, and actually dilate much more general completely 
Markov semigroups, solving a problem of [Ij also recently motivated by applications to non- 
commutative harmonic analysis (|18].|19]). 

Up to now those equations have only been solved under rather restrictive conditions. 
Let us give an overview in the easiest case. In [H], Shlyakhtenko obtained lower bounds 
on microstates free entropy dimension in studying the following free stochastic differential 
equation : 



where (^], ...,^^) are conjugate variables of (Xi , ...,Xi" )'s in the sense of |17], 5"^ a free 
Brownian motion free with respect to Xq\ This is the previous equation with S the free 
difference quotient of [TTj . 

In [H], ([2]) was solved in order to get stationary solutions under analyticity assumptions 
on 1^. Later, in |9j, the author solved a (dual stochastic partial differential equation) variant 
of ([2]), extending its resolution to a Lipschitz condition on conjugate variables. Again, 
in [H], this construction enabled us to obtain lower bounds on microstates free entropy 
dimension 6o{Xi, ...X„) (using the result of of course under an overall embeddability 
assumption). In that respect, the crucial step needed to apply the approach of is to find 
a stationary solution Xt to ([2j) or more generally ([T]) with Xt G W*{M^ {Sfit > 0}) ~ 
M * L(lFoo) the von Neumann algebra generated by initial conditions and free Brownian 
motion {St;t > 0}. By considering another example where the free difference quotient is 
replaced by derivations coming from i"^ group cocycles (see [9]), we realized that obtaining 
a stationary solution lying in this free product is equivalent to a conservativity condition of 
a (classical) Markov Chain, well known to be restrictive. 

Thus we are forced with the question of solving those kinds of free SDEs beyond those 
conditions which is the main motivation of this paper. Before discussing more our approach, 
let us state a result to be compared with previous ones. In what follows, we will solve ([2]) 
for ^ G L^(M, r), and ([T]) for any densely defined real closed derivation as soon as M has 
separable predual. Since we have to build a solution without knowing a priori that it lives in 
the above free product, we will carry out a (kind of) Kolmogorov-Daniell construction to get 
dilations of a completely Markov semigroup on M. This entails solving various equations 
deduced from a formal application of Ito formula (and thus necessary for any dilation to 
solve ([T])). In contrast to Sauvageot's dilation in [SS], let us emphasize that our dilation 
satisfies rather canonical equations, since we want it to solve a free SDE in certain cases. 
From a non- commutative probability point of view, our approach, based on the construction 
of a state of a non-commutative analogue of a path space, is quite natural. It is in the spirit 
of the general philosophy that in the non-commutative context, probability can mainly be 
thought of "in law" . Technically, the usefulness of a path space was already apparent in the 
work of Biane, Capitaine and Guionnet [3J in the context of large deviations for matricial 
Brownian motion. In our context of solving stochastic differential equations, its power of 
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course comes from the ability it gives us to build a process without imposing any a priori 
structure on the von Neumann algebra that would contain it, thanks to the duality involved 
in the trace space of the non-commutative Path space (see §1 for a definition of this universal 
C*-algebra). Consequently, at the end, the von Neumann algebra generated by our process 
is not a priori explicit, being obtained by a GNS construction for the state we build on the 
Path space. 

In course of solving our SDEs, we will end up constructing, in Theorem [20|, dilations for a 
general class of completely Markov semigroups (f)t on finite von Neumann algebras. As in [7] , 
these are ultraweakly pointwise continuous semigroups of completely positive contractions. 
The class we are able to dilate includes all conservative (i.e. r0t = r) completely Markov 
symmetric (i.e. r-symmetric in the sense of r(0i(a)6) = r(a0((6))) semigroups. Stated 
otherwise, getting a trace preserving dilation proves all those maps (pt are factorizable in the 
sense of pLj- This is to be contrasted with non-factorizable maps (and non-symmetric semi- 
groups of such) found in [1^ in finite dimension. However, our construction also applies to 
various non-symmetric conservative completely Markov semigroups, generated by generators 
of non-symmetric Dirichlet forms, for which the antisymmetric part is a derivation, assum- 
ing certain domain assumptions (cf. part 2.1). In [20], the authors found independently 
a dilation in the symmetric case, which seems to be the same as ours, but they actually 
started with a natural description of our a-approximation (in terms of another stochastic 
differential equation, or rather they use a semigroup like approximation {id — iptj/t instead 
of a resolvent like approximation {a{id — rja)) as approximation of the generator A of the 
semigroup) and didn't study carefully the limit, since this is not crucial to reach their goal of 
getting a dilation. Starting with the goal of building a solution of a SDE, necessarily dilating 
special semigroups (we realized lately this may enable us to dilate really general semigroups), 
we first started with natural equations for the limit deducing the best approximation, which 
turned out to be the same as their approximation as we discovered just before publishing 
this paper. To sum up, our careful understanding of the limit enables us to get dilations 
of a few non-symmetric semigroups, since in that case, the approximation is not a dilation 
in tracial iy*-probability spaces, and this requires a careful understanding of the limit to 
prove traciality only appearing at the limit level. Moreover, our understanding of the limit 
is crucial in the applications we were motivated by, as described bellow. However, the reader 
will maybe (like us) prefer their proof of positivity of the approximation, much more natural 
in [20], since coming from a canonical description of this approximation by a SDE, rather 
than tedious explicit computations (as in this paper). We hope the conjunction of both 
approaches will give rise to better applications coming from the two original motivations. 

As a consequence of our dilation construction for a huge class of non-symmetric conser- 
vative completely Markov semigroups, we prove that our dilations often satisfy a Stochastic 
Differential Equation as above (see Theorem 1251) . More precisely, our dilation satisfies a SDE 
driven by a B-free Brownian motion of covariance t], as soon as the generator of the semi- 
group is a divergence form operator S*S with S a derivation (as it has to be because of [7] but) 
valued in the canonical bimodule H{M,rio Eb) for rj a completely positive map on B, where 
B is a. non-evolving subalgebra (i.e. 0t(6) = b Wb E B, equivalently S{B) = 0), and modulo 
certain technical assumptions (but including any derivation in the coarse correspondence 
case (-B = (D), when M has separable predual, as explained earlier). 
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Since applications to lower bounds on microstates free entropy dimension are out of reach 
via this method (except under conditions similar to those already obtained earlier by the 
author), we give two other applications. First, we use our dilations to remove a technical 
assumption in a result of Popa and Ozawa ([2H],[2n]) giving a first application of this new 
"stochastic" deformations (dilating deformations first considered in Deformation/rigidity 
context by Jesse Peterson ([30j,[3T], [32]), and used also in [29]). Moreover, we also prove in 
Theorem [26] a free Talagrand transportation cost inequality for non- microstates free entropy 
X*{Xi, ...,Xn : B,!]) (relative to a subalgebra B and a completely positive map i] : B ^ B, 
as defined in [32], see also [17] in the case B = (£), extending the one variable result (in 
the case 5 = (D) of [B] (see also [22], [23] for new proofs) and (a priori) improving the 
multivariable result of Hiai and Ueda for microstates free entropy x(Xi,...,X„) ([ISj, the 
improvement is due to the inequality between x ^^nd x* proven in |3j. Note also that we 
have an extension only for estimates on Wasserstein distance to semicircular elements and 
not for the convex polynomial potential variant they also consider, but our inequality goes 
beyond the case B = (E). This second result thus belongs to a chapter of the general goal 
of proving for non- microstates free entropy more results known for the microstates variant. 
Beyond the usefulness of this study from a free probability viewpoint, this general goal 
generally provides merely functional analytic proofs of results relying heavily on volume 
estimates when proven with microstates entropy, enabling to enlarge our understanding of 
non-commutative probability rather than merely using our knowledge of classical probability 
to give applications to free probability or von Neumann algebras. For more details about free 
entropies, we refer the reader to the survey [19] for a list of properties as well as applications 
of free entropies in the theory of von Neumann algebras. 

The paper is organized as follows. In Section 1, we explain in what sense we use a 
noncommutative Path space. In Section 2, we construct our dilations. This requires to 
prove, in a first subsection, a few preliminaries on"Carre-du-champs" of (non-symmetric non- 
commutative) Dirichlet forms. Then we build our dilation modulo a positivity assumption 
on an approximation. A second subsection thus explains the limiting procedure enabling 
this. We then prove the lacking positivity of the state we want to build on our Path space. 
We finally prove a symmetry condition and deduce traciality from this. 

In Section 3, we explain the application to Talagrand's inequality, proving in so doing that 
our dilation actually solves the above stochastic differential equation (when the derivation 
is the free difference quotient, under a finite free Fisher information assumption). Actually, 
we prove a SDE for subsystems with a derivation looking like free difference quotient, since 
this will be the key tool to solve in the next section a more general SDE. We moreover prove 
infinitesimal estimates along solutions of more general polynomial drift SDKs, even though 
Talagrand's inequality will be based on the really special case of the Orstein-Uhlenbeck 
process. In so doing, we especially prove that such solutions of SDKs have bounded conjugate 
variable, a result of independent interest. 

In Section 4, we prove our dilation actually solves a SDE, in the case explained above. 
To do so, we have to produce the Brownian motion (not necessarily in the von Neumann 
algebra of the process) by coupling our equation to an Orstein-Uhlenbeck equation (modulo 
a drift change disappearing if we take the right conditional expectation, this equation is a 
special case of the previous section for semicircular variables). This is where we use dilations 



A NON-COMMUTATIVE PATH SPACE APPROACH TO STATIONARY FREE SDE 



5 



of semigroups coming from non-symmetric Dirichlet forms, since the coupled equation dilate 
such a non-symmetric semigroup. 

Finally, in section 5, we give our small application in conjunction with Popa's defor- 
mation/Rigidity techniques, without claiming any originality in this respect beyond the 
introduction of a new deformation and the study of several of its properties. We should 
emphasize, however, that this way of building a deformation in trying to solve an abstract 
equation having sufficiently good properties to obtain desirable properties of the deforma- 
tion, is really new in Deformation/ Rigidity Theory, where deformations are usually produced 
from relatively concrete examples. We hope this will be the first step of a systematic use 
of non- commutative probabilistic ideas with the goal of building deformations with specific 
behaviors. 
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1. Non-commutative path space 

In classical probability, the path space HtelR is a useful tool to define processes indexed 
by 1R+ with value in a (locally) compact space X through the definition of a measure on it, 
nothing but a state on (S)tg]R^ C°(X). Analogously, we want to define a non-commutative 
path space in the following definition. We consider a C*-algebra C or a family Ct of C*- 
algebras (in the first case we consider Ct = C). 

Definition 1. The algebraic path space indexed by a set I over C or (Ct), denoted Vi^aigiC) 
resp. Vi^aigiCt) (or VaigiC) if / is fixed, e.g. 1R+ (or sometimes IR) in this paper), is the 
algebraic free product i^teiCt. For distinct ti E I,i = l,...,n, we denote Cmax,ti,...,t„ = 
Ctj^ir...irCt^ the maximal free product (the one with universal property in the category of 
C*-algebras) and then consider the C*-algebraic path space Vi,max{C) {'Pi,max{Ct) etc.) the 
natural inductive limit for all finite set families in I. 

In this paper we will be mainly concerned with a W^* -probability space (M, r) (i.e. r a 
faithful tracial normal state) and in building states on Vaig{M) or Vmax{M) so that the state 
restricted to each M is r, so that we will get a stationary process, by definition. Since M is 
a C* algebra, it is readily seen that the algebraic Path space is the span of unitary elements 
in that case. A standard result (see e.g. Proposition 7.2 in the book of Nica and Speicher 
[25]) enables to carry out a GNS construction on any state over Vaig{M), thus especially 
extending automatically to a state over Vmax{M) by a universal property. We will thus 
(almost) always work in this paper on algebraic Path space. 

2. Construction of a stationary process 

We refer to j44j (cf. also [9J) and the applications bellow for motivating the search of a 
(stationary) process satisfying 

where is a i-th conjugate variable of xi*^'s in the sense of [l^, S'^^*^ a free Brownian motion 
free with respect to Xq*''. 

Using (formally) Ito's formula (proven under some assumptions in [4j), one expects for 
instance the following equation (say for non-commutative polynomials Pi,Qi,P2, X^ = 

T{Pi{Xt)Q{Xo)P2{Xt)) = r(Pi(Xo)Q(Xo)P2(Xo)) 

'Ij^ds r(Pi(X,)g(Xo)A(P2(X,))) + r(A(Pi(X,))g(Xo)P2(X,)) 

+ / rfsromol®rom®l(5(Pi)(X,))®g(Xo)5(P2)(X,)) 
Jo 

We wrote as usual 6 = ((5i,...,5„) the free difference quotient on M = W*{Xi, ...,Xn) 
(same action on the s-time variables) A = 6*6 the corresponding generator of a Dirichlet 
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form and if we write 0f the semigroup generated by —2^) o^i^ expects a rewriting after 
"variation of constants" : 

r(Pi(Xi)g(Xo)P2(Xi)) = r{<Pt{Pi{Xo))Q{Xo)MP2{Xo)) 
Jo 

We could also have said we want to study a mild solution of the above equation in the 
spirit of PDE theory (see also [9] in the free Stochastic PDE case). 

This is already less singular and make sense for Q e M, Pi & M (1 D{A'^),e > (even 
e = as we will see later, but using the defining differential equation after Cauchy-Schwarz 
instead of an a priori bound for analytic semigroups). From now on, one can see Xg as a 
formal variable meaning a variable at time s in Vaig{M). Note that r above make sense as a 
state on a two times free product (after suitable generalization to more alternating patterns 
of and t times). 

The actual definition will use an a-approximation natural from a Dirichlet form view- 
point. This will require Dirichlet form preliminaries to get the right convergences of these 
approximations. We will then define simultaneously a- approximations and their limits and 
prove the right kind of limits enabling us to continue the construction by induction. In a 
first time all those limits will be proven under the assumption the maps we build have nice 
uniform (in the approximation a) boundedness in M. We will then prove in a third part 
those assumption are indeed satisfied in proving a positivity property giving those bound- 
edness automatically by a standard C*-algebra argument. Finally, we will have to prove our 
formulas produce traces. This will require a symmetry property. Alternatively, we could 
say we have written our defining formula in using this symmetry in the right way to get 
an almost explicitly positive definition, and we have to use it again to get a more rotation 
invariant variant. 

2.1. Approximations of "Carre du Champs" of Dirichlet forms. Let us fix some 
notations (close to those of [31]). We consider M a finite von Neumann algebra with normal 
faithful tracial state r, and H an M — M-bimodule. D{6) a weakly dense *-subalgebra of M. 
We suppose here that 6 : D{6) Ti is a real closable derivation (real means {S{x), yS{z)) = 
{S{z*)y*, 6{x*))). A = 6*6 the corresponding generator of a conservative completely Dirichlet 
form, as proven in [21] (see this paper for the non-commutative definition of a Dirichlet 
form, here the Dirichlet form is £{x) = {6{x), 6{x)), D{£) = D(A^/^), completely means that 
A (8) /n is also the generator of a Dirichlet form on M„(M)). Let us introduce a deformation 
of resolvent maps (a multiple of a so-called strongly continuous contraction resolvent, cf e.g. 
[21] for the terminology) ?7„ = a{a + A)~^ , which are unital, tracial (tot/q, = r), completely 
positive maps, and moreover contractions on L'^{M,t) and normal contractions on M, such 
that — ?7a(a;)|| < 2||x|| and ||a; — 77^(0;) II2 -^a-^oo (as recalled e.g. in Prop 2.5 of [7J). We 
will also consider Lpt = e~*'^/^ the semigroup of generator —A/2. 

We will also consider S a non-symmetric completely Dirichlet form as in [Uj (we assume 
it conservative as above i.e. S{1, .) = S{., 1) = 0). Especially £ is a coercive closed form on 
L'^{M,t) and we will assume its symmetric part is S above with D{£) = D{£) a domain 
making it closed as usual. We have thus also given adjoint Gq, = a{a + A)^^ , Ga families of 
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resolvent maps on L'^{M,t) letting M stable, completely positive, unital, tracial normal as 
seen on M. We also consider corresponding semigroups 0t = e~*^/^, 0J' (strongly continuous 
on L^, ultraweakly continuous normal on M, contractive on both and L^{M)). Let us 
also consider 0^ „ = e~*"^'^°/^ the usual Yosida approximation (also contractive on the same 
spaces, etc since AGa also generates a completely Dirichlet form by the proof of the standard 
equivalence theorem with Markovianity of Gq). We will also assume the non symmetric part 
of the generator is a derivation, we will express this later in terms of carre-du-champs. For 
the reader's convenience let us quote the following result corresponding to proposition 1.5 
in [11] (or lemma 2.11 and Theorem 2.13 in |24j). Recall that we have a constant K of 
coercivity expressing \£i{x,y) \ < K£i{x,xY^'^Ei{y,yYf'^,x,y E D{£)sa, with £i = £ + (., .). 

Lemma 2. Let {£,D{£)} be a coercive closed form on a Hilbert space H, and {Ga}a>o > 
the associated resolvent. Then, setting £^^\x,y) := (3{x,y — G^y), x,y E H, we get 

(i) \£f\x,y)\ < 4{K + l)£,{x,xY/'£f\y,yY/^xE D{£),y E H 

(i) ' £{Gis{x),Gi3{x)) < £^^\x,x), for x self-adjoint. 

(ii) Let X E H . Then x E D{£) <^=^ sup^^g £^*^^^(x, x) < oo 

(ii) ' Let X E H . T/ien x G -D(£^) <^=^ liminf^>o £^1(6*^ (x), G';3(x)) < oo 

(iii) \/x,y E D{£), limi3^oo £^'^Kx,y) = £{x,y) and lim/3^00 ^^i(G'/3(x) -x,Gp{x) -x) =0. 

Using the result of |10j that M fl D(A^/^) is a *-subalgebra of M, dense in L'^{M, r) and 
a core for A^/^, one may consider B the C* — algebra, norm closure of it in M, so that 
^ = B D D(A^/^) is a form core and dense in B and thus S seen as a derivation on i? is a 
C*-Dirichlet form in the terminology of j^, ^ the corresponding Dirichlet algebra. 

We assume given a (M, r)-valued product on T-L, compatible with the Hilbert bimodule 
structure, i.e defined so that t((^, l'^(m,t)o) = ^'o>)h for any a E M, well-defined using a- 
weak continuity of the action. Thus we consider for a,b E T{a, c, b) = {c*6{a*), 5{b))) l^{^m,t) = 
((5(a*), c5(6)))ii(Af,r)- By Th 9.3 and Lemma 9.1 in [7] (using also Th 8.3) we get for a, c G 
^,b,dEB: 

T{d*r{c*, 1, a)b) = lim -r [d* c* Ar]o,{a)b + d* Ar]a,{c*)ab - d* Ar]a{c*a)b] . 

Since for a,c,b E T{a, c, b) = T{ac, l,b) — aT{c, b), it is natural to write : 

Taici, c,b) = - [Aria{ac)b + aAria{cb) — Aria{acb) — aAria{c)b] . 

so that Ta{a, c, b) converges weakly in i?*to T{a, c, b) (We will see later norm convergence in 
in the case we are most interested in). Note moreover that Ta{a, c,b) E M for a,c,b E M. 
Considering now the non-symmetric context, we get for any a,b,c,d E SS like in lemma 
3.1 of [?], but using the standard proposition 1.5(iii) of |Tl] (lemma |2] (iii) above) : 

£[cdb\ a) +£{db*a*, c*)-£{db*, c*a) = lim r [d*c*AGa{a)b + d*AGa{c*)ab - d*AGa{c*a)b] . 

a— >oo 

The assumption of the non symmetric part being a derivation will be assumed stating for 
any a,b,c,d E ^ : 

(3) £{cdb*, a) + £{db*a*, c*) - £{db*, c*a) = £{cdb*, a) + £{db*a*, c*) - £{db*, c*a), 

^for the generator A of £ and its adjoint A* , to fix ideas, we use notations of [llj £{x, y) — {x, Ay) (except 
for resolvents), S^{x,y) = P{x,y~ Gpiy)) = {x,AG(}{y)) 



A NON-COMMUTATIVE PATH SPACE APPROACH TO STATIONARY FREE SDE 
SO that one gets (more generally for 6, G B): 

T{d*T{c*, 1, a)b) = lim It [rf*cMG„(a)6 + d*AGc,{c*)ab - d* AGa,{c*a)b] , 



and the dual 

T{d*T{c*,l,a)b) = lim It d*c*A*Ga{a)b + d*A*Go,{c*)ab-d*A*Ga{c*a)b 



It is natural to write : 

Ta{a, c,b) = - [AGa{cLc)b + aAGa{cb) — AGa{acb) — aAGa{c)b] , 

so that ra{a,c,b) converges weakly in i?*to r(a,c, 6). Likewise we define ra{a,c,b) for 
Ga- Let us note at this point that a general argument using Stinespring's theorem as in 
lemmas 3.1 and 3.5 in [7] shows (afcrQ,(6j, CjC*,, 6*,)a^,)((jj^fc)^(j/ j/ ^z)) is a positive matrix and 
thus (using a duality argument to bound L^-norm) one gets via Cauchy-Schwarz and a usual 
property of states of G* algebras: 

\\T^{a,cc*,b*)\U < \\T^{a,cc*,a*)\\y'\\T^{b,cc*,b*)\\y\ 

||r„(a,cc*,a*)||i < ||c|n|r„(a, l,a*)||i = \\c\\^S''{a). 

Lemma 3. Let a,b E M , we have 

4>t{ab) = (j)t{a)(f)t{b) + ds 0s(r(0t_s(a), 1, (pt^sib)) 

Jo 

where the integral is understood as Bochner integral of a function in -^^"'^([0, t], L^{M, r)). We 
will call f^}{a, 1, b) = flft-ui^^^ 1) ^) = lu ds(f)s-u(^{4>t-s{0') , 1, <Pt-s{b))- We have the analogue 
for (f)*, then we will write h^^}{a, 1,6) = J^ds(j)l{T{(f)*_^{a), 1,0*_,(6)). 

Proof. Bochner measurability is easy, by polarization, 6 = a* is enough, in which case 
r{(j)t_s{a), 1, 0t_s(a*)) is positive (see Lemma 9.1 in \J\) thus the norm is £^(0t_s(a)) known 
to be of integral ||a||2 — ll^tl'^)!!!--'-^ consider (l)s{4't-s{.o)(t)t-sib)) we get a derivative : 

^ {(l)s{A(l)t-s{a)(pt-s{b)) + <ps{<Pt-s{a)A(l)t-s{b)) - A0,(0t_,(a)0t_,(6))) . 

We easily see using the limit result above, taking scalar product with c G M (using 0*(c) G 
i^), this is 0s(r(0t_s(a), 1, 0t_s(6))). Now the previous result and Lebesgue Theorem (ap- 
plied after taking a scalar product) gives the result. □ 

From this we deduce a useful expression for Fq,: 

Lemma 4. We have Fq,(., 1, .) = F^"'' -|-Fa ■* with the following hounded operators (for instance 
from M®M — )■ L}{M) ® always denote projective tensor product): 

POO 

FW(a,l,6):=a2 / rft e--*(l - </)2t)(a)(l - 02t)(6), F« := G^FGf , 



where G® is the "resolvent" for A® := A® 1 + 1 ® A, Ga understood as sending M®M to 
D{5)®D{5) , F extended from this space to L^{M). 
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Proof. Start the proof for a,b & M This is mainly the use of the Laplace transform of (e.g.) 
Prop 1.10 in [21] with our notations : Ga{a) = a f^dt e~*°'02t(a)- (e,g. with a G L^{M), 
or M), moreover : Ta{a, 1,6) = a{l — Ga){a)b + aa{l — Ga){b) — a{l — Ga){ab), and we 
immediately deduce : 



r„(a, 1, b) = (a, 1, b) + a' dte-'^'iMab) - MO')Mb))- 

Jo 

From the previous lemma, one deduces : 

POO ft 

dt e-^'iMab) - 02t(a)02i(&)) = / dt e"*" / rfs02s(r(02(t-.)(a), 1, 02(t-s)(&)) 

Jo Jo 

POO POO 

= / c?se-">2.(r( / c?Me-">2«(a)®l®02«(6)). 
Jo Jo 

The use of Fubini Theorem is justified by the case a = b* under t{c*c.),c G M. □ 
Lemma 5. For any a,b e D{A) fl M, \\{Ta — r)(a 6)||i — )■ 0, when a — )■ oo. 
Proof. We can first use Cauchy-Schwarz : 

(poo \ 1/2 / poo \ 1/2 

(itaV"*||l-02i(a)||n n (itaV"*||l-02t(6)||n ■ 

For a G -D(v4), we have ||1 — (/)£(a)||2 < t||yl(a)||2 implying 

poo poo 

/ c/t«'e-"*||l-02i(a)||^ < / rft «'e-"*4t2p(a)||2 
Jo Jo 

Since the measures cii:l|o,oo]«^e~"*t converges weakly to a Dirac in the last term goes to 0. 

For a,b e D{A), self-adjoints (so that ||A^/^a||2 = S{a)). 

||rii)-r(a®6)||i < llFGf -r(a®6)||i + ||(G„-l)r(a®6)||i 
< ||(G'„-l)F(a®6)||i + 

dtae-^\\\A'/\<P2t-td){a)MA'/'Mm2 + \\^'^\<p2t- 

POO 

<\\{G^-l)T{a®b)\\,+ / ^itae-"*(||(02t-^rf)A(a)||f P(6)||f ||6||f ||(02t-^rf)(a)||f+ 
11(02. -^rf)A(6)||f||A(a)||f||a||f||(02t-^rf)(&)||f). 

and this converges to since the measures (itl|o,oo]Cte~"* converges weakly to a Dirac in 0. □ 

We know need an improvement of the previous lemma. But before, let us knight a com- 
putation to become a lemma, in the spirit of the tricks we will use a lot in the next part. 

Lemma 6. For any a,b & M 

\\fi'haAMl = ^2^^rf(0,_„/iy(a,l,6))*0,_.(F(0,_,(a),0,_,(6))) 



ds\\Ay\f^^{a,l,bml = -\\f^,{{a,l,b)\\l+ 23fJrf(/iJ(a,l,6))*(F(0,_,(a),0,_,(6))) 
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Proof. Without loss of generality, a, b self-adjoints in M. Let us define the a variant : 

fuf\0'i 1, = / ds(t)s-u,a{^a{(i>t-s,a{'^), 1, = 4>t-u,a{(^b) " 4>t-u,a{(^)4't-u,a{b) 

J u 

We prove first a- weak convergence in M of this quantity to /^/(a, 1,6). Of course by 
boundedness in M, it suffices to prove convergence in L^{M). Now the previous lemma 
proves (r - r")(0f_^(a), converges in L\[u,t], L^{M)) to since (/>t_s(a) G D{A) 

gives pointwise convergence and a dominated convergence theorem (DOT) concludes via 
domination by (1 + 16{K + l)2)^i(0i_,(a))V2^i(0^_^(5))i/2 (cf. lemma [2] (i)). Moreover 
||r°(0t_,(a)-0t_,,,(a),0t_,,„(6))||i < 4-(0t_,(a)-0t_,,,(a))i/24-(0t_,,,(6))i/2 Let us show 
the integral of this indeed goes to 0. For, note 



ds S^{(f)t-s{a)) I ds £i{(t)t-s{a)), 
by pointwise convergence and DCT. Likewise, 

ds (0i_,,„(a)) = ||0„,a(a)||2 - Il0t,a(a)||2 ^ / ds £i{^t-sia)) = ||0„(a)||^ - ||0t(a) 
Finally for any 7, 

ds \S'^{G^(j)t-s{a),(f)t-s,a{(^) - 4>t~s{a))\ < I ds \\A*Gy(j)t-s{a)\\2\\4>t-sA(^) - 4>t~s{a))\\2 



<27||a||2 / ||</)t_s,a(a) - </'t-s(a))|Ms, 

also goes to 0, and (lemma [2] (i) again) 



ds \£"{{Gy - id)(f)t_s{a),(f)t-sA(^) - (pt-s{a))\ 



t X 1/2 . „j V 1/2 



< 4{K + 1) ds S,{{G, - td)(j)t-s{a)) j ds £7(0t-.,a(a) - 0i-.(a))) 

the second integral is bounded independently of a and the first goes to zero in 7 — )• 00 by 
DCT. The symmetric case (is|£^"(0t_s,o(a) — 0t_s(a), 0t_s(a))| — )■ is easier. 

Putting everything together, and using Cauchy-Schwarz, one gets the claimed convergence. 

We now come back to a formula for the L^-norm : 

\\fi'f{a,l,b)\\l = Aa^r f(0,,,/ij")(a,l,6))>,,,(r,(0,_,,„(a),0,_,,,(6))) 



the Fubini Theorem used being justified since Fq valued in (even in M). Using bound- 
edness in M of fs'^t"'\ we get as above convergence of the second term to the corresponding 
term without a (using at the end the weak convergence first proven), and thus, this proves 
the first formula. Or Rather, Using a variant with a, /3 scalar product and previously proven 
weak convergence in M one gets the limit is actually ||/it^||2 and as a consequence norm 
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||.||2 convergence. Similarly, we get formulas (idem without £^ and AG a, or without G^) : 
^?{Gp{£f)) = I' du^riil + AG.)G^{ru-sifiT^l)GpK-s^a{<Pt-sAc^), <Pt-sAb))) 

Now note that the derivative in u of ||G/3/^^i"'*||2 is : 

so that we get : 

fdu SnG.ifi'f)) = )||^ + fdu \\G,ef\\l 

J s J s 

+ f du 2^T{Gp{f^^f*)GpT^{<j)t^^A<^),<j)t^^Am- 

J s 

Taking a — )• oo (we keep equality at this stage) and then /3 — i- oo (using for this second 
limit first Fatou's lemma to get ciw liminf^ ^i(G^(/^^^-'))) < oo so that by lemma [2] (ii)' 
one gets almost surely f^} G D{E) and thus by (iii) the liminf is actually a lim equal to 

^liifut)))^ one can then get equality applying DCT, with domination (via (i),(i)' of lemma 
E]) by 16{K + 1)2 times the limit now already known to be integrable), one concludes the 
proof of the second formula. If we first take /3 — oo, and then a — oo, one thus deduces 

J s J s 

Finally (we give a stronger convergence for further use using an argument used earlier in 
this proof) for any 7, 

* ds |£:r(G,/i5(a, 1, 6), /g'^^a, 1, h) - fi^^a, 1, b))\ 

< f ds ||A*G,/i5(a,l,6)||2||/2")(a,l,6)-/i5(a,l,6))||2 
Jo 

<27||/g(a,l,6)||2 r||/S''^Ha,l,&)-/2(a,l,&))ll2ci5, 



also goes to 0, and 

ds |^r((G, - 2d)/:::/(a, 1,6)), r^f^a, 1,6)- f':>{a, 1, b)))\ 



<A{K + l)(^jys£,{{G,~id)f';^}{aA,h))^ ' Q^s S^f^'f (ciA^b) - fi'ha,l,b)))^ ' 

the second integral is bounded independently of a and the first goes to zero in 7 — )■ oo by 
DCT. The symmetric case ds\E^{f^f[a, 1, h) - fu}{a, 1, 6)), 4?(a, 1, b))))\ is easier. 
Summing up we get : 

* du 4"(/S"V, 1, b) - jfha, 1, b))) ^ 0. 
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□ 

Lemma 7. If ^ f <S> 9°" <S> h with f,he D{A) n D{A) n M,g'^ e M uniformly bounded 
and convergent to g°° in L^{M), then 

l|ra(ea)-r(eoo)l|i^o. 

Especially, if D{A) nD{A) DM is a core for £)(A^/^) (e.g. A — A) then this is true for any 
f,heD{Ay'). 

Of course the whole statement is in the (almost) absence of assumption on g, at least in 
terms of domain of A, we don't want to assume even G -B, in which case the result would 
be rather easy. The crucial point will be to approximate g only in ||.||2 with elements in 
D{A) but this only on the problematic term. The main part of the proof will deal with 
estimates for all other terms. 

Proof Let us recall r'i\f ^ g ^ h) ^ ^a\fg ® h) - fr'^^\g ® h). 

Without loss of generality, ^ = f ^ g" ®h, f,ga,h self-adjoints in M, f,he D{A) nD{A). 
Indeed via ||r«(/ ^ g ^ h)\\i < C\\g\\S^Uy^^^iihY^^ < IQC{K + iy\\g\\Si{fy/^Si{hy/\ 
the second statement follows from the first. We will write g for a generic element g'^, \\g\\ 
their common uniform bound etc. First, recall ||1 — <pt{a)\\2 < t\\A{a)\\2. Second let us note 
that mf9)-fM9)\\2<mf9)-Mf)M9)\\2 + \\l-Mf)\\2\\9\\- 

Using the previous lemmas, we have to bound \\foJ{f, l,g)\\2 = \\Mf9) - Mf)M9)\\2- 
We first give a preliminary estimate, to be used later in a better one. 

ll/S(/,l,^)ll2+ fds ||AV2(/iJ(a,l,6))||^ < 2 f ds \r 1, 
<2 fds ||(4?(/,l,^))||||AV20,_,(/)|b||AVV,_.(^)||2 

< M\f\\\\9\\' \\<pum\2\\f\\2y' 

Let us now improve this first estimate 

Let us fix an e > Choose 6, 2\\(Gs — id)Af\\l^'^ < e||/||2^^- Then choose a. ^ M such 
that : ||r(/*,/) — < e||/||2. Next take 7 (and ckq) such that (for a > ao, and consider 
from now on only those g — g"", recall we call \\g\\ the supremum of norms of go) ||(1 — 
G,)(^/)||ilb.|| <e|b|n|/||i Finally choose an x,eM with ||r(/,r)-x,||f||AG^^ 

^ll^llf II/II2- 
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Now let US compute. 



J u 

J u 

< 2 fds \t ((/iJ(/,l,^))T(/>,_,(G^(^)))) I 

Ju 

+ 2 fds \t ({ff^{f,l,g)rr{f,<P,_,{{l - G,){g)))) \ 

J u 

+ 411/1111^11 Tci. ||AV20,_^(5)|b 

Ju 

ds r ((/i?(/,l,^?))T(/, /*)(/(?(/, 1,^)))) 
XT(r(0,_,(G^(^)),0,_,(G^(^))))^/^ 
+ 2 /" rf. |-r(r(/,0,_,((l-G,)(^7)),/i?(/,l,^)r)) 

J u 

+ r l,^))*A(/)</.,_,((l - G,)(^)))) I 

/ ft \ 1/2 

+ 4||/||||^ir / ds {{t-s)\\A'Gsf\\2 + 2\\{Gs-td)Af\\,){t-s)\\Af\\, 



1/2 

X 



2 11^112 



<4 Tci. (iir(/ J*) -x.iif 211/1111^11 + ii(/ij(/,i,5)ribiix,i|v^)^ 

+ 2 rd.r(r(/,0,_,((l-G,)(^)))0,_,((l-G,)(/)))J*))^/^||AVVi,¥(/,l^ 



+ 4 M.||/iJ(/,l,^))||2||A(/)|h 



+ ^ii/iiii^ir(^-^) +^ii/iif)ii>i/iif 
< 4 (^(t - x.)62| I/I n 1^1 12 + ^)'/'(^ - ^r^i kei r/^i i^G^^^^ 

+ 2 I |r(r , /) - y,\\ i4| 1^1 12 + 1 10,_,((1 - G,){g))) 



1/2 

X 



X 



1/2 

ds\\A'/^fSif,l,9)W' 
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1 fi 

+ yc'(/,^)^/2(t-u)^/^||A(/)||, 
+ ^ll/llll^ir(^-«) ((^-«)'/'II^W||f + e||/||f)||^/||f 
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/ ft \ 1/2 

(*) <6V^||^||||/||v^^ d.||AVVi,?(/,l,^))||^j 

+ 4(t-n)6||/||-V2||^|P(p/||f 

Thus 

/ft \ 1/2 

[^j ds ||AVVi?(/,l,^))||^j <^eC{f,g)y/t^ + d{f,g,^,eMt-uf'\l + {t-uf/') 
As a consequence 

I l/i? (/, 1, ^) 1 12 < ^C'{f, g) {t-u) + d'if, g, 7, e, 5) (t - + (t - -^^/^^ 



We can now come back to the main hne of the proof of convergences to zero, with all estimates 
required at hand. 

/■oo 

l|ri°HOI|l< / di«V"*||(l-02t)(/^)-/((l-02t)(^))||2||l-02tW||2 

POO 

< / dta'e-'''\\Mf9)-fM9))Ml-Mh)\\2 
Jo 

dt aV-* (V^U^t^/^ + 2t\\AfMg\\) 2t\\Ah\\2. 



This converges to since the measures dtl|o,oo]Q;^e converges weakly to a Dirac in 0. 
Now we have to bound : 

\\{GarG^-m)\U 

POO pt 

<a'\\ / dte-'^' dsUn'Pt-s{f9):'Pt-s{h)))-fM^{<l>t-s{9):<l>t-s{h)))-T{f,g,h)\U 
Jo Jo 



/■oo 

Jo 



dte-^'w / ds if - Mmsmt-s{9)At-s{hm\ 



/•oo rt 

/ dt / ds(/.,(r((/.,_,(/^)>,_,(/i)))-(/.,(/)0,(r((/.,_,(^)>,_,(/i)))-r(/,^,/i) 

JO -'0 



Let's bound each term 
f 00 



poo pt 

a' dt e-'^'Wif - Mf)) dsMn<l>t-s{9),<l>t-s{hm\, 
Jo Jo 

POO 

<a' / dte--'\\{f-Ufm2\\f^h9,l,h)\\2 
Jo 

poo 

<a^ dt e-"*2t| l^/l |2c'(/i, gf'H^'^ 
Jo 



Again this gives convergence to zero. 

Let us decompose a bit more the last term in the next : 
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Claim : 



fds M'^i<Pt-sU'9)At-sm) ~ Mf)Mm~s{g)At~s{h))) - T{f,g,h) 
Jo 

= [ ds 0.(r(/iy (/, 1, g), ct>t-s{h))) + 0,(r(0,_,(/), <P,_,{g), ct>t-s{h))) - !(/, g, h) 
Jo 

+ / duMn<Pt-uif)jSi9A,h))) 
Jo 



Proof. (Note we use to be in tlie condition of lemma [3] (since Tii{f,g) G Af), otherwise, 
formally this claim is only two successive applications of this lemma (once in the computation 
of this page, once in the one of the next page) and the use of a derivation property for F (in 
the next page)) . 



t 

ds (j)siT{(j)t-sif9),(t>t-sih))) 







+ / dsM<pt-s{ms{n<pt-s{9),<pt-s{h))) 







- / ds (j)s,p{(j)t-sAf))<PsA^i<i^t^si9),<l^t~s{h))) 



+ / ds (j)s,i3{(l)t-sAf))(l^sA^I3{(Pts{9),4>t^s{h))) 







- / ds (j)sA4>t-sAf))4>sA^i3{4>t-sA9),4>t-sAf^))) 







+ / ds (j)sA(Pt-sAf))<PsAi'^ -'^0){(Pt~s{9)At-s{h))) 
Jo 

+ [ ds (j)sA<Pt-sAf)^Mt-sA9)At--sAh))) 

- ds du (l)uA^p{'Pt-uAf)^'t^s-u,l3^l3{<Pt-sA9)At-sA^))) 

Jo Jo 
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t 



ds 03(0t_,(/))0,(r(0t_s(5(), (l)t^s{.h))) 

- I ds (psA^t-sAf))^sA'^i'Pt-s{9),(pt-sih))) 
Jo 

+ I ds (i)sA^t-sAf))'PsA'^iBi^t-sig),(pt-sih))) 

- / ds (j)sA'Pt-sAf))'PsA'^i^i'Pt-sA9),<Pt-sAh))) 

Jo 

ds (j)sA<Pt-sAf)^ p{'Pt-s{g), <Pt-s{h))) 

+ / ds <psA(t>t-sAf)^^i(t>t-3A9)At-sAh))) 
Jo 

+ I ds (j)sA^t-sAf)'^i(l^t-s{g),(j)t-s{h))) 

ds (j)s{(t)t-sif)T{(l)t~sig),(t>t^sih))) 

+ I ds (i)sA'Pt-sAf))^sAO^ -'^p)i'Pt-sig)At-sih))) 

ds (f)sA<Pt-sAf)(^ - ^p)i<Pt-s{g), (Pt-sih))) 
+ I dsM<Pt-s{f)ri^t-s{g),(pt-s{h))) 



^ ds J du (j)uA'^l3{<Pt-uAf)^(f^s-u,l3^l3{4>t-sA9)At-sAh))) 

-Mm^s{fg)At^s{h))) 



The two terms of the fifth pair of fines of tfie last equation tend to witfi /9 — )■ oo in 
L^{M), by DCT using lemma [5] for tfie pointwise limit and domination via (1 + 16{K + 
l)2)||/||||AV20^_,(/i)||2||Ai/20i_,(c;)||2. Tfie four first pan of lines tend to (eacfi pair of 
lines) at least weakly in using only standard results (including one proven during tfie 
proof of lemma [H] for tfie second and tfiird line <^"(0t_s(a) — (pt-sA'^)) ^ ^ ^ 
We will write tfiose five first pair of lines (1) from now on in tfie computation. 
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(1)+ [ c/s0,(r(0i_,(/)0i_,((7),0t-.(/i)))-0.(r(0i_,(/^?),0i_,(/i))) 

^0 







ft 

- I ds (f)s(T{(l)t-s{f),(pt-s{g),(pt~s{h))) 



* {2,/3)/ 



du (j)uA'^pi(l^t-uAf)^ fu,i {a, 1, ^))) 







(1) - / ds 0.(r(/ij(/, 1, g), <Pt.s{h))) + Un<Pt-s{f), <Pt-s{9), <Pt-s{h))) 





+ f duM^i<Pt-u{f)ji'h9A,h)))- [ du<P^A^^{<Pt-uAf)Juf\9A,h))) 
Jo Jo 

'duun<i>t-u{f)jSi9A,h))) 



Now, the second line of the last equation tends to zero, like at the beginning of the proof 
of lemma [61 using the fact proven at the end of lemma [6] that Jq du Si{f^f\g,l,h) — 
/i5(^7,l,/i))^0. 

□ 

We can now use this claim to conclude the proof of the lemma. The previously obtained 
results readily gives (and this will conclude since e was arbitrary): 

{•CO ft 

\nh\\y\ 



a' dte-^'W dsUnf'^{UA.9).<Pt-sm)\\i 
Jo Jo 

< a' dt e-"* (v/^C(/, g)Vi+ d{f, g, 7, e, 6)t'/\l + t'/')) Vi\\Ah\\ 

POO pt 

hmsup «2 / dt e-"*|| / ds U^ifSifA,9),<t>t-sih)))\\i < ^eCif, g)\\Ah\\l/'\\h 



00 rt 

V2||^||l/2 
I2 ) 

a->-oo Jo Jo 

/•oo 

a' / dte-'^'W / ds Um-sif) ~ fAt~si9),<l>t-s{h)))\\ 



JO 



1 

t \ 1/2 



POO / /"* \ ' 

<a'j^ dte-^'i^j^ ds 2Vt^s\\Af\\lj 1 | |f 1 |f ^ 

POO pt POO 

a^W / cite-"* / ds (t>s{T{f,(t>t-s{9o) - 9oo,h))\\^ = \\a / dt e-'^'G^iVif ,(t>t{9o) - 9o..h))\\^ 
Jo Jo Jo 



00 



<a / dte-"V(r(r,/)(0,((7„)-(7oo)(0*(^7.)-^7oor)'/'||Ai/^/.||2^O 





f 00 rt 
,2 / T, -at 



a' / rfte-"* / ds{cp,-id){T{f,g^,h)) = {Ga-td)T{f,g^,h) ... 
Jo Jo 
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□ 

2.2. Semigroups on M-kaigM. For Markov processes on commutative algebras, a semigroup 
as the one of the previous part (pt is sufficient to define the law of the process. Indeed as is 
well-known, we can use for ordered times ti < ^2 < ••• < tm the formula r(x|*^'...Xn"^) = 
T(Xi0t2_t^(X2...0t„_(„_i(X„)) to define the new trace (also written r on the commutative 

Path space {Xi thought of at time ti denoted ^f'')). And of course, one may think as a 
semigroup on M M defined by ^t — 4>t® Id (the second variable being thought of as non 
evolving and useful to determine the joint law after multiplication). 

We will analogously consider semigroups (^s,t on M -kaig M above the previous semigroup 
i.e. with $s^t(XyZ) = X(l)t-s{Y)Z for X,Z in the second (zero-time) summand and Y in 
the first (t-timc) summand of the free product (we also require this property with 0t_s(y) 
replaced by ^s,t{Y) and a general Y in the free product i.e. ^s,t behaves like a condi- 
tional expectation since it will the restriction to * M^"! of the conditional expectation 
on M'*] * M[°1). For the processes we are interested in, taking a conditional expectation 
of a polynomial in two times variables {t, 0) on the — s time subalgebra will lie in this 
algebraic free product (or rather this conditional expectation will be $s,t applied on this 
polynomial). Let us introduce notations to compute more easily in this setting. We will 
put in exponent the time of the algebra considered (the non-zero time being the first sum- 
mand by convention). We will often consider symmetric semigroups, i.e. those satisfy- 
ing :T($o,t(^P^f -^S-i)) = 'r(^o,t(^f ^I'-^S-i)) where r denotes (again) the compo- 
sition of the trace r on M with the natural product on algebraic free product with value M. 
We may later write ^^(xPxf ...x£_i) = xf'xfL.X^-i and write this ro$o,t = To%^toSt. 

Moreover, we will need in the sequel (in order to define n times free products and not 
only two times free products) a slightly more general context given a family (p in a 
set R) of (positively exhaustively) filtered *-algebraic normed non-commutative probability 
spaces containing M as a sub-probability space (Let us explain our main example of interest. 
Rn = {0 <ti < t2... < tn}, for p e Rn, = M*-^ai"+'^) ig a multi-time free product (the 
first summand thought of at time the second at time tn-i up to the last one at time 0)the 
filtration of algebra, crucial for inductions, is the length in free product (i.e. P e if 
it can be written as a sum of products of not more than p alternating times). We think we 
have already built a tracial state on Af and M lies inside as the highest time sub-algebra 
here Mt^ , the state on it coinciding with the previous one. We will make evolve a new highest 
time put in the other term of the free product. The norm will be the projective norm on 
the algebraic free product.). Moreover, let us assume given a set of monomials of degree 
p, MonP a metric space, with a continuous ("multiplication") map onto M^. This seems a 
little artificial beyond our main example, but we don't want to be as general as possible, the 
above notations being mainly a way of emphasizing the main assumptions. Especially we 
limit here generality to avoid later intricate general inequalities where the argument is quite 
clear in the main example of interest. (Thus in our main example Mon^ = UAf^ is a disjoint 
union of products of M with the product topology, one copy in the disjoint union for each 
possible alternation of times. The map to the free product being clear). We will use it as 
a way of having fixed a product decomposition and saying a given product decomposition 
converges to another one. We put two metrics on it, in our main example, each component of 
the direct sum being at infinite distance, and doo((Qi) Op); (^i; ^p)) — max ||aj — and 
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d2{{ai, ttp), {bi, bp)) = max | |aj— 6j| I2. We will be interested in sequences of "monomials" 
bounded in converging in ^2- 

We will consider semigroups on M-kaigM^ (with obvious filtration adding the smallest 
filtration degrees, we count 1 as filtration degree for the first summand, we may obviously 
take the smallest products to get the smallest filtration degrees. In that way, in our main 
example, for p = (ti < t2--- < ^n), we identify (with the same filtration norm etc) M -kaig 
with M^P'^\ by definition {p,t) = {h < ^2- < tn < tn + t)). This semigroup will be above 
the previous semigroup as before, i.e. will satisfy ^gi{XYZ) = X(f)t-s{Y)Z for X, Z in the 
second ("zero-time") summand (i.e. M^) and Y in the first (t-time) summand of the free 
product (we also require this property with ^^.^(F) replaced by ^^^^(F) and a general Y in 
the free product). 

We assume given an evolution (a continuous linear map) up to "real time 0" ^'-''^ : — )■ 
M (we want to think of as an already built evolution via semigroup from the highest time in 
to 0. More specifically in our main example, if p = (ti) then "^^^^ = $o,ti the two times 
map described before. If p = {ti < t2--- < tn) = {p',tn — tn-i) with p' = {ti < t2--- < tn-i) 

We assume given two maps a : IR_|_ x — > i? and t : R ^ IR+ (we think of them as 
taking the new time t above the highest time and the previously built times (ordered) [ty < 
...tp) = p as a point of Rp, and giving via the map (r, a) the corresponding symmetric family 
(tl, {t < t + tp — tp-i < ...t + tp — ti))). We assume this map gives an involution : T{a{t,p)) — 
t,a{T{p),a{t, p)) — p. We also need a symmetry map (preserving filtration, continuous for 
"projective" norms, in fact isometric on monomials for ^2 and d^o) St,p : M-kaigM^ — )■ M-kaig 
]\^o-{t,p) (^agajj^ -^g think it as doing the above symmetry especially exchanging the new highest 
time and 0, we write analogously maps on underlying tensor products, e.g. in our example 
5t,(t,)(X[*+*ily[*ilZ[oir[*+*ilC/[*ilT/[oi) = (X[oiyMz[*+*ilr[oiC/MT/[*+*il) thus seen on monomials 

this gives 5t,(t,)(x[*+*ii,y[*iiz[oi,r[*+*ii,c/[*iiy[oi) = (x[oiyM,z[*+*ii,r[oic/M,y[*+*ii). ) We 

will assume St,p has inverse Sr{p),a{t,p)- Wc will often consider (r, cr, 5')-symmetric families 
satisfying r(<|.g',(xf xf...x[ti)) =' T{^of'^ (5,,,(xflx[°L.x£_,))), where again r denotes 
the state either in M'^ or M'^^^'^^ composed with the multiplication maps induced on free 
product by inclusion of M. Finally, to prove that our formulas will keep this symmetry, we 
will need to prove in a next section alternative formulas replacing evolution of the last time 
by evolutions in terms of the first time (We will also assume we have first time rewriting of 
evolutions on ikf, of course, and they will be given by induction in applications). To achieve 
this goal, we don't only need the evolution up to time 0, but also a decomposition of 
it via a map ^('')''^(/') : — )■ *aig Mp^ (the indices only showing the times we think 

M to live at, recall, we think about t(p), not depending on t, in general as the first time in 
p) such that \E'('') = $o,r(p) ° ^^''^''^^''^ (recall $ is the map we will build first on M *aig M as 
described first in the first paragraph of this section, we should say our semigroup is above 
this $ instead of only 0. In our example of main interest, we of course have p = (ti = r(p) < 
...tp). If p = 2 v[/(p)''^(p) = ^'^^^j^^}^^ so that with have the claimed identity since by definition 
^(p) ^ ^(^(p))o$y^^l^='''. In general inductively, we take -^^^p^'^p) = ^^'''^'^^''^ o$o'tp_t^_, where 
p' = {tl = t{p) < ...tp_i). Especially, this map is given for free by the construction). 

In that context we may also add filtration degrees in exponents and not only times, e.g. 
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Definition 8. The level-family of the semigroup ^s,t (always assumed above in the pre- 
vious sense) on M -kaig M (resp. ^ on M i<aig M^) is a family : M^""^ M ( resp. 
&^ ■ ®n=p+j:n, M ®Mfl^® M...MP^_^ (g) M ^ M) of maps inductively defined (if they 
exist) such that : 

$,,(xwxr...xs_,) = /i?(xfur, + E 

il<...<ipG[l,n— 1] 

(re.p. $?,(xflxf-l...x[r^lxg_,) = /irH^fUf , ^S-i)^^' + E 

ji<...<i9e[i,p-i] 

\J s,t 1^1 ) ^2n-lJy' ^2iiUs,t l^2ji+l5 ■••5 ^242-1// ^2i2---\Js,t l^2i,+l 5 • ■ ■ 5 ^2p-l J J J' 

With (ijj = j — i + nj+i + ... + nj_i. We may remark d^^p = n. We will also sometimes write a 
degree in index before p in $ to explicit the filtration degree. More generally we will consider 
maps ( "semigroups below level N" ) $(^''') only defined on the filtration space (M * Mp) at so 
that this is of course equivalent to getting an associated level family {f^'^'''^)n<N- 

Said otherwise fo,t is another way of writing a boolean cumulant in the (Boolean) non- 
commutative probability space M[t] *aig ^[o]; with $o,t as "conditional expectation" on the 
component Mpj thought of at time 0. (see e.g. definition 4.1 in [23], the case s 7^ is a variant 
where ^s,t is the restriction to M[t] *aig ^[0] of the conditional expectation on M^^s] *aig ^[0] 
defined in M[f] *aig M^s] *aig M^, in that context, the claim concerning existence says such a 
corresponding boolean cumulant has to be valued in Ml*' ; For us this notation has no relation 
with Boolean probability beyond the fact / satisfy a differential equation easier to read really 
likely because Boolean probability is natural in non- commutative setting without trace, and 
we thus divide here the part depending on trace in / and the purely non-commutative one 
here) . 

Especially = (pt^s- We say it is bounded (resp. locally bounded) (in M) 
if ||/5HXi,...,X2„_i)|| < Cn\\X,\\...\\X2n-i\\ (resp. for s,t e [0,T] for C„(T)). 

Given a generator —1/2 A of an extension (pt : L'^{M) — t- L'^{M) of Jq^^, generator of a 
conservative (non-symmetric) completely Dirichlet form as in the previous part, consider the 
corresponding carre du champs r{f,g,h),A the generator of the symmetric part (recall we as- 
sumed r is also the Carre du champs of the symmetric part). We say / is locally 5 -bounded if 
it is Bochner measurable as valued in D(AV2) = £)(£:) and if /^*ds||Ai/2/j'j)(xl^xf , ...,x|]_i)||2 < 
00 for any m, t, n. 

Given another semigroup bellow level {N -1) H^f^ {H^t~^'^ in the case of supplementary 
index p), and corresponding family {h^^f^)n^N~i- We assume H is locally bounded in M We 
say (/'•"^)n<Ar is affiliated to A (or 0^) relative to H if it is locally bounded in M and locally 
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5-bounded so that the following integral converges absolutely (as Bochner integral) and : 
(resp. in forgetting arguments since indices determine them uniquely 

i<j=l 

{F is the formal change of indices u-0 corresponding to the symmetry in second case and not 
really useful in the first with our definition not taking into account indices explicitly except 
implicitly by position in the maps, we put it for clarity) 

When $ is symmetric, one may want H to be an inductively already built version of 
The meaning of the sum is then that wc evolve up to time u gathering the prescribed blocks 
and at that time, we gather them so that outside we are in M seen at time u evolving 
according to (p up to s, in the middle we have to take a trace of evolution from time u up to 
and we use symmetry in order to have (real) times on 5's included in F. To do this we 
can evolve up to time understood as being in M'^'^*^"''')^ (we should note the degree of the 
middle term is at most rfj-ij+i — 2) first and then evolve via ^ to the real time in it. 

Wc have the same definitions for a family as above up to level N and call it an N-level- 
semigroup-family which includes the corresponding restriction of semigroup property for the 
above defined ^s,t ^-nd corresponding restriction of property of being above (p as before. An 
1-level-semigroup-family is thus merely a semigroup on M equal to 0. 

In order to define inductively an N-level-semigroup- family, we will need a notion of a- 
approximation. Recall 0^ „ denote the semigroup of generator — l/2AGQReplacing also F by 
Fq, (of the previous part) we have all the notions for an a-N-level- semigroup- family. In the 
case with extra index p, we have also to give us variants if", Let us define approximation 
properties for our level semigroup families. 

Definition 9. Let (/i"'°'')n<Ar an a-N-level-semigroup-family and {fs^f)n<N an N-level- 
semigroup-family. fg^i""^ converges weakly in to / if for any m G M. n < p. s.t : 
r(mH/i;-)(xfUfl', ...,4t,)W) ^ r(mH/W(xfUr, xS_,)H)^as a ^ ^. 
It converges in if for any n < N, s,t : 

ii/ir^(xfuf , ...,x£_,) - /i,?(xfur, -,4i-i)W)ii2 ^ 0. 

It is 5-convergent if (they are locally (5-bounded, it converges in and) for any n < N, 
u, t : 

r ds Srif^r\xt\xP, X^l,) - 4? (xfUr , XS_,)) ^ 0. 

J u 

It is ^"'"-convergent (resp L^+) if all the above and ^-convergences (resp only the L^) 
can be improved for sequences X" (of Monomials in the p case) uniformly bounded in M 
(resp doo) a-nd converging in L'^{M) to Xj, (resp in ^2 for monomials). (The whole point of 
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this last definition is to circumvent lack of traciality of approximations in the non-symmetric 
case by improving convergences obtained). 

We have an analogous definition for \1'" converging to \E'. The next result basically says 
we have gathered all potentially useful convergence properties to carry on a definition by 
induction, as soon as we assume as an extra assumption a boundedness we will prove later by 
a positivity argument. The analogue statement with p's is of course also true, if one assumes 
"^fj L^"^-convergent to and locally bounded in M (uniformly in a) (i.e. basically the 
assumptions bellow for H). 

Theorem 10. Let {fs"t"'^)n<N ,{^^s!i°'^)n<N be a-N-level-semigroup-families with f affiliated 
to AGa relative to (/i^"'"'')„<7v-i and {fi'[t)n<N, {h^I^t)n<N be N-level-semigroup-families with 
f affiliated to A relative to h similarly. Assume moreover that (/i"'"'')n<iv -convergent to 
{fsf)n<N and {h^"^°'^)n<N bounded (uniformly in a) in M and converges in L^"*" to {h^^})n<N- 



m 



Assume moreover either D{A) fl -D(A) (1 M is a core in DlA^^"^) or {f^t°'^)n<N valued 
D[A) n -D(A) n M . Then the above formulas define an (N+l)-level-semigroup-family and 
a-(N+l)-level-semigroup-family. We assume the a family (/i"'"^)n<iv+i is locally bounded 
in M uniformly in a. Then it is d'^ -convergent to {fs"t)n<N+i (and they are necessarily 
affiliated in the above sense since (in part assumed in part proven to be) locally bounded in 
M). We will call f an a-approximated (N-l-l)-level-semigroup-family affiliated to A relative 
to h. When f an a-approximated (N-l-l)-level-semigroup-family affiliated to A relative to 
h and h an a-approximated (N-i-l)-level-semigroup-family affiliated to A* relative to f we 
will say f and h are a-approximated (N-hl)-level-semigroup-families mutually affiliated to 
A and A* . 

Proof. The proof is similar to the one of lemma E] using of course lemma [7] instead of lemma 
O Note also the proof of lemma E] contains the initialization for the induction this theorem 
will enable. The semigroup property is obvious from the definition. 

We can consider all results on each term of the definition above of /i^^^'* (the only map 
for which something needs to be proven), all of the form : 

3s,t = j^du (i)u-s(r{fu,t, gO,u;t, hu^t)), 

with by assumption go,u,fu,t,hu,t locally bounded in M, and fu,t,hu,t for each t in L'^{[0, t], D^A^^" 
We also consider a variants ( with X" instead Xj as in the definitions of + convergences) 
uniformly in a with the same properties and the convergences of the previous definition 
(remark that the conjunction of boundedness and the various convergences, of H, 
with the various isometric on monomials of S (for d2 and doo), enable Qo^'u-t converge in 

(Af+l,a) 



s,t 



L'^{M) (pointwise in u,t to go,u;t))- We prove first a- weak convergence in M of /, 
By weak compacity (since fs^~^^'"^ uniformly bounded in M), it suffices to prove uniqueness 
of the limit of jf^ (we will identify it to be jg^t and as a consequence prove the sum of 

such js^t to be in M and equal thus in M not only in like js,t) and by density, 

in taking duality with elements of the form 6 G M we in fact prove jf^ which is only a 
priori in converges weakly in that space and this suffices to get convergence in M of 
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the sum of them /i^^^'"'' for which we assumed boundedness . Now the lemma [7] above 
proves {T"){fu,t,go,u^K,t) - {T"){fu,t, go,u, hu,t) converges pointwise in L^{M), since we can 
dominate them as in this lemma by (1 + 16{K + 1)^)| | A-'^/^/„ (| I2I | A^/^/i„ I2 sup^, „ | IgQ^W 
assumed in L-'^([0,t]) we get convergence in L^{[0,t], L^{M)) by DCT. Moreover ||r°(/"j — 

fu,u 9o,u^ K,t))\\^ - ^i(fu,t - fu,ty^^£HK,ty^'^\\9\\ since we assumed convergence of this in 
modulo Cauchy-Schwarz, this goes to zero. Finally, (0" — 4>u)^ifu,t, go,u, hu,t) is also well 
known to converge in . We have thus even proven norm convergence of jf^ in L} at this 
stage. 

We now need a formula for the L^-norm : 

the Fubini Theorem used being justified since F" valued in LP' (the sum corresponds to 
various j" terms). Using boundedness in M of /i^'*'^'"'' and its weak convergence in M 
proven earlier, we get as above convergence of the second term to the corresponding term 
without a. Using a variant with a, /3 scalar product and previously proven weak convergence 
in M one gets this is actually | As a consequence we deduce norm convergence in 

L^. Similarly, we get formulas (idem without and AGa, or without Gp) : 

^"(^.(/ir''"^)) = E ^^((1 + ^G'.)G,(0^,(/(;r+^''^)*))G,0^j„(/,"„ hi,)) 

+ 3fJr(G^(C-.(/ir''"^*))(l + AG^)Gpct^Z-s^^U:,. 9o,s;t^ K,t))- 
Now note that the derivative in u of ||G'/3/^^^^'"^||2 is : 

4"(G,(/ir''"^)) - - E25Jr(G^(/iJ+^'")*)G^F.(/-,,^?o".,,<J) 

so that we get : 

fdu snc.ifiT''"^)) = - \\G,f s^^'-^wi + fdu \\G,fZ^'^-\\i 

J s J s 

+ J2 25Jr(G,(/i;r+^'")*)G^F.(/:„^7o".„/^:,)). 

J s 

Taking a ^ 00 (we keep equality at this stage and only use previous convergence or 
techniques already used) and then /3 — > 00 (using for this second limit first Fatou's lemma 
to get /g*(iuliminf/3^i(G/3(/^^^^''))) < 00 so that by lemma |2] (ii)' one gets almost surely 

(2) 

e D{£) and thus by (iii) of the same lemma the liminf is actually a lim equal to 

fut^^^)))^ one can then get equality applying DCT, with domination 16 {K + 1)^ times 
the limit now already known to be integrable). If we first take /3 — )■ 00, and then a — ?■ 00, 
one thus deduces 
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Finally (in order to prove (5-convergence) for any 7, 

Ju Jo 

<27 rii/i?ii2ii/ir-^-/ir^)iM., 
^0 

also goes to 0, and 

J u 

< + 1) ds £,{{G, - '^)) ds - f'sT"'))) ^ 

the second integral is bounded independently of a and the first goes to zero in 7 — )• 00 by 
DCT (using proposition 2.13(ii) in [23], earlier stated as lemma[2] (iii)). The symmetric case 

C ds l^iifft^^'"'^ - fft^^^), fS^^^))\ is as easy. Summing up we get : 

J s 

□ 

2.3. Positivity. From now on we always consider that / and h are a- approximated (N+1)- 
level-semigroup-families mutually affiliated to A and A*. We focus on the two time case 
and let the (mainly notational) multitime generalization to the reader. Actually, as we 
explained in the introduction, we learned just before publication of this paper that \2U\ 
found an alternative construction of a dilation of (f)t-s,a which turned out to be the same 
as our a- approximation (in the symmetric case they consider). This gives a more natural 
proof of this part using another SDE. We explain here our original proof, with several 
notational improvements though, with respect to a previous preprint. This proof is mainly 
combinatorial in nature, but we write the implicit combinatorics in algebraic way for our 
convenience, letting the reader understand the quite obvious combinatorics behind. 

We want to show r(XQ'''$Q^''''"^(x|*'x|°L.x|*|_]^)) define positive linear functional. Since 
we will stick to sub-filtrations of free product, by this we mean : 

(r(xS<-"Hxgx|j...x^;flx^;fl^..xlyx£J^ 

is a positive matrix so that one gets a scalar products on the linear span of elements of 
the form xj^^ X^^ ..Xn^^^ (less than n + 1 elements starting at time 0). Note that we 
can deduce from this the various boundedness assumptions in the main theorem of the last 
part (assuming H and $ are built in the same way as in the case we consider when they are 
mutually associated to A, A*). Indeed r(xi°l<l>[,^''''")(xflxf then define 

a state in M in position Xn^^^ thus a standard C* algebraic result gives after an induction 
this bounded by r(xi°^xi°*l)||xj?/*^||...||xf||2 thus we get value of ^if"''"^ in M with the 
right boundedness by duality. 

Consider rj : Mq — )■ M2{Mq) with ri{a) = Diag{Ga{a), Ga{a)) a normal completely positive 
unital map. Consider ^(77) (see e.g. ^4lj section 2.4) the full Fock space associated to 
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the canonical Hilbert M — M bimodule H{M, if) (e.g. [H] lemma 2.2) so that we get to 
creation operators Li = i^(^i), L2 = L{^2) (with the notations of [H]) such that (seeing 
m & M acting on 1^(77) by a preservation operator) we have LiimL* = f]ij{m) i.e. here 

LiuiLl = Ga{m), L2mL\ = Ga{m). (especially = 1) We work on ^ = C*{M,Li). 

We define Ga,B{x) = LixL\ a completely positive map on ^ Aa{x) = a{x — Ga,B{x)) 
extending AGa- By boundedness we can exponentiate in = exp^—Aatf^)- If we write 
^a,B{x, y) = Aa{x)y + xAa{y) — Aaixy) = a[x, Li] [LI, y], we have as previously : 

cPfjBG) = <PfjB)<pfjC) + fds 0;jr„,B(0L,„(5),0f_.,«(C))). 
We can get a converging expansion. 

Cw(^C') = 0f,,(,)(i?)0f„,(,)(C) 

Jo 

+ a' [ ds I rfw0S«,(,+i)r„,s(0f_„,„,(,+i)([0f_,,«,(,)(S),Li]),0f_„,,,^ 
Jo Jo 

We need a notation to keep the next iterated equation reasonable, thus let us give a name 
to iterated commutators of L[s, precisely for s = {si > ... > sj+i} with si < t, sj+i > u, : 

and by convention, 
We get : 

<l>t{BG) = <Pl{B)<j>fJG) + f^ fds,... r ds,^,^^',^l^^^^^^^^/^^^ 

j^^qJo Jo 

Note that ||0f„,Q-+i)(5)|| < e"*||5|| so that ||'^^i+|i(5)|| < (4a)(^'+i)/V(*-") 1 15| | imply- 
ing convergence of the series. We thus got again a positive like expansion (implying complete 
positivity of on the remaining part of the proof of positivity will consist in getting 

such an expression for all the formulas above ^q^- We will also need another notation for 
our convenience : 

We have obvious analogs with respect to Ga- 

The next lemma gives an alternative recursive definition where we add derivation from 
below instead of above (like in the previous part, where this was useful to get limits in 
taking care of domain issues), so that we can get more easily the decomposition as product 
of operators in an inductive way. For this, we need a slightly more general (partially) 3-time 
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case, without the (notational) troubles of the full 3-times case and useful for inductions, we 
write ioT v,w < t 



f(n,a) /-^FJ -^[uj -^t^:] vl'Ji vli^i \ 

■1 s,[v,t,w]\^l '^2 ■■■^2n-3> ^2n-2) ^2n-l^ 

pvAw 
i<j +1=2-^^ 

rrO-j+l,")/ x^M rp^a f y[t] y[t] \ -^M\ r{n-j,a),y[t] y[w] nx 

^0,u [^2i > ^ ^u,t[^2i+l^ ^2i-lJ) ^2i J) l-^2i+l) ^2n-l)) 



(strictly speaking, we have to define the case n — 1 separately, we only define /j"^"^] = 

f{n,a) _ /■(1,0!)\ 
■ls,[t,t,v] — Js,v ) 

Analogously, we have extensions to ^ we denote Z^"^"^^] ^ where (f)t,a is replaced by 0^q,_, 
Ta by r^^B etc. The following lemma being also true with the obvious changes for those 
maps. 

Lemma 11. The following equalities are true for any r, for n>2: 
1. 

/VA(w/li=n) 
an 

•/'i,[ui,M>V(ilj = „)](^"(*^f-«."(^l)' 

-"0,« 1-^2 >-^*«,tl-^3 •■■-^2j-lJ>-^2j>/«Jt,t,tA(i«/l,=„)]l^2i+l----^2j ^ ^2j ■■■^2n-l) 

We write 

An,a) _ An,a),{t) _ An,a),{a,l) An,a),{b,l) 
•I SjlVjtjW] •> s,lv,t,w] •> SjlVjtjW] •> s,lv,t,w] 

the (a) term corresponding tol + l<j<n (sum over i) of the previous term, (6) the 
remaining part. 
2. 



(■y/li=o)Aui 

du 



An,a) ,^[v\ ^[0] ^[t] ^[t] ^[0] ^[w] x _ \^ f 
J s,[v,t,w]\^l 1^2 ) ^3 ••^2n-3> ^2n-2) ^2n-l^ ~ / 

0<i<j<n-l "^^ 

J s,[vy{tlj^„),t,u\\^l ■■^2i ! «UMA(i)/lj^„),t'^"^2j+l--^2i-l^ 

-f^oX^(-^2j > -^*w,t(-^2j+l--^2i-3)> -^2n-2)> 0«)-u,a (^2n-l)) '"^ ) 

p(n,a:) _ An,a),{a,r,m) . An,a),{b,r,m) 

•I S,lv,t,w] •! S,lv,t,w] •' SjlVjtjW] 

the (a) term corresponding to i + m — n < r (sum over j) of the previous term, (b) the 
remaining part. 
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3. 

f{n,a) i^[v\ ^[0] ^[t] ^[t] ^[0] 



J s\v,t,w]\-^l '^2 ) ^3 ^2n-3> ^2n-2) ^2n-lJ 



(i,j,ti,tj)€{(l,ii-l,((),(t)); 

(1, k, (t), (a, r, n)), k < r; 
il,n-l,{a,r),{t)),l>r + l} 



Syu-s,al,J- Q;Uu,[u,t,t]l^l ? •••'^2i-l^' 

o-O'-i+l.a)/ -t^M jTi^F, /-t^W ylt] \ yiuU An-j,a),tj , y[t] y[w] 

^0,u \^2i ^ ^ ^u,t[^2i+l: ^2j-l): ): Ju,[t,t,w] \^2j+l: ■■■:^2n-l)) 

l<i<j<r 

^0,u 1^2 )-f^^«,tl-^3 ••-^2i-lJ)-^2i Jj/it,* l-^2j+l---^2j-lJJ : ^2j ■■■^2n-l) 
Js,[v,t,v] 1^1 ■■^2j > i ocKJu,t y^2^■^-l■■^23-l)^ 

Ho"u ^'°'\^2j ^ ^^u,ti^2j+V^2i-3) ^ ^2^1-2) ^ 0«;-w,a(^2n-l) ) ) 

dui I du-2 



l<i' <j'<r<i<j<n-l'' ^ 



.0'-i',«)/^[t] ^[0] 3^[0] p .,0-i,a). [t] [t] s 

Jui,t \^2i'+n ■■■^^2j'-l)) i^2j'---^2i 1^ cx\Ju2,t \^2i+li • •• i ^2j-\) ^ 

-"0,«2 V-^2j )-f^^«2,n^2i+H---)^2n-3J'^2n-2j)V>«)-U2,a(,A2n-lj j 

VFe write for each term of the above sum : 

An,a) _ <.(n,a),(12-21,r) ^(n,a),(3-321,r) <.(n,a),(123-3,r) _ j.(n,a),(3-3,r) 
■' s,[ii,t,«;] ■' ■' s,[t),t,«;] ■'s,[t),t,w] J s,[v,t,w\ 

Note that with our previous notation /f"^"''^^ ^^^'^^ f^I[vt'w]^^ 

Proof. The proof of the first formula by induction on n is quite clear (the case i = 1 of 
the defining formula before the lemma gives j — n oi this one (this is the only case at 
initialization n — 2), for all other values we apply the induction hypothesis on of the 
defining formula, in which case in the second formula produced by induction hypothesis j is 
bellow this i of the first formula). The second formula of the lemma is similar. 

Explained in words, in the first formula, we have written terms where we see a 4>{Xi) and 
just after application of F. Of course, we have just said that by the inductive definitions of 
the /'s such a way of emphasizing this F whatever the terms involved around exists. The 
second formula is the symmetric with 0(X2„_i) Having in mind a imaginary line r where 
we intend to cut our formulas into to symmetric and adjoint expressions to get positivity by 
an explicit rewriting, the two notations introduced with those two formulas emphasized the 
end of the other side of F (the side not containing (f){Xi) or (f){X2n-i)) and call with a (b) 
terms not crossing the imaginary line, with an (a) the terms crossing the imaginary line. 
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We now want to use these formulas to prove the third. Let us explain in words what terms 
appear in each line. The second and third line are quite clear and explained at the end of the 
previous paragraph via the remark at the end of the lemma, since they correspond to terms 
already appearing previously where the F of or 0(X2„_i) does not cross the imaginary 

line. Now of course, this could be possible that both cases happen in the same time, we 
subtract this in the fourth hne. The first line is based on all other terms, but we don't want 
here to write the terms in emphasizing necessarily a term with 0(Xi) or (j){X2n-i)- 

Thus look from above, from the defining formula where F may involve f's as first and last 
arguments. Necessarily one of those /'s does not cross the imaginary line, if this / is not 
a it involves bellow another F and has been taken into account before. Thus, the only 
remaining terms have one or two (as the first or third argument) at their top level F, and 
the one not a cj) has to cross the imaginary line. But moreover, we want that this one cannot 
have at its bottom level F, a F not crossing the imaginary line, in which case it would have 
been included already before. Thus we use our (a) terms defined with formulas (1) and (2) 
of the lemma in order to avoid the bad (b) term. Before explaining this formally, instead 
of in words, let us emphasize that in all three last lines (with a (3) in their notations) one 
Gamma being on one side, of the imaginary line we will cut this imaginary line (in our goal 
of getting a square like expression explicitly positive) only by induction hypothesis. This 
lemma consist in emphasizing exactly the configurations of terms for which we will have to 
work later (to avoid repeating a boring work easily done by induction). Let us come back 
to the proof. 

For, let us give names to several specific terms depending on the r (position of imagi- 
nary hne) fixed in the statement in the defining sum f^J^"l^^ = /ij"^^],(n) + + 

/i^bil.CLi) + f^^,wWL) + ftivLuLi) + &Mm- ^'^^^ correspond to specific 

values of i, j in the defining sum : respectively (11) for i = l,j = n — 1; (IL) for i = 1, j < r; 
(LI) for i > r + 1, J = n — 1; {iL) for 1 < i < r, j < r; {Li) for i > r + 1, r + 1 < j < n — 1; 
{££) ioT i < r, j > r + 1 and not simultaneously i — 1 and j — n — 1. Of course since i < j 
those are the only decomposition possible. 

Now we also want to decompose more terms with an L, i.e. one side crossing the r limit, 
we do this using the decomposition of the two first statements of this lemma, in looking 
at the large L side term /("-^■) or /(^), we get e.g fi^^i^^^^Li) = /ib?,«,],(Lai) + flAvi<{Lbi) 
cutting here /^'^ the one crossing r (thinking as i as the n of the decomposition in the first 
part of the lemma, n as m and r as the same). We thus got 10 terms. 

In the formula we have to prove, the (ll),(lLa),(Lal) terms are those of the first line 

r{n,a),{12-21,r) 

J s,[v,t,w] 

The second line fg"^^^f',j^~^'^^'^^ of the new formula corresponds to the sum of {££), {£L), 

{£1), {Lbl), and {Lb£). The third line fij^'^tM^'^'"^ to {££), (Li), {!£), (ILb), and {£Lb), the 

fourth line f^s[!"t'S\~^'^^ with a minus term corresponds to {££) {£Lb), (Lbi), those appearing 
in both above, so that they subtracts the redundancy in to the previous lines. 

Identifying each line with the stated sum uses only the definitions. □ 
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Let us define the following operators inductively on n, formulas for n < N: cr^^f^j] := 
^'ii.ti + ^vSLt] + as maps defined on ^, A; > 1. 

k—1 j 

^v,s={s,s',Sj+i,...,Sk),[u,t]K^l '^2 ,---,-^n ) - Hsj+i<u} 

j=0 1=0 

k f* s ' /\u 

v,s=(s,Sj+i,...,Sk),lu,t]^ 1 ' 2 n / / v,(sj+i...Sk),ui\ 

i j = l i-j^kSj + l + lj = kV 

L{n+1)/2J 

<f,!.,.,(^i"Uf'.-.^r')= E / 

In this definition, we have written {I >1) 

L{n-1)/2J 

1=1 

and for (/ = 0) 

More crucially, we need to assume given a corresponding decomposition (obtained induc- 
tively) for H of the type we will prove bellow for i.e. we assume there are compact 
spaces with fixed (positive) Radon measures T^'^ included in a locally compact Ik,H such 
that ^l{T^'^) increases with s, we have the infinite radius of convergence condition : for 
any 7^' > Ylk f^i'^s'^)^'^ < ^^so have constants C,K (maybe depending on N,u 

but not k,s) such that ||0g^,_„(x}"^,xf , ...,xi°/"l)|U < CK''\\Xi\\^...\\Xn\U and for all 
i ^ n + p < N - 1, Xi e 

t7-(j,a)/ "V-N y[u] vlO/u] y/lu/O]* y'M* y'lu]*\ 

-"0,u 1^1 >^2 ■■•)^n ••■)^2 J 

oo „ 

The previous conditions especially imply this series converges absolutely. We also as- 
sume that the maps (noted identically for different n) Oq : {{u,s) G Ik,H x IR-+ | u G 
T^'^} i?(^®",^)) is continuous and agrees by restriction of i (so that the various 
extensions of H, also assumed given, do agree). We of course assume T°'^ is a point and 

e^o:°,n(#',4°', -,^1°^"') = ifS''(xl"^,4°', -.^n^"'). Note that the previous properties 
are obvious with our previous expressions (knowing the next lemma to interpret them) . 
We can now prove the positivity decomposition lemma : 
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Lemma 12. We have the following relations (for i = n + p < N): 

■lv,[u,t,w] '^2 •••>^n '^p ■■■:^2 ^ 

oo „ 

k=l •^'^v,t 

<.((n+p+l)/2,a),(123-3)/-^[t;l -^[0] ^[t] y[Q/t] yl[t/0\* y'W 
Jv,[u,t,w\ V^l '^2 ■■■)^n '^p ■■■)^2 > ^1 J 

oo „ 



k=i ■^-'«,t 



5i™ J 



I M > Si, i ^ Si non-increasing, s^ > v, G Tq 

C /fe :— UiUo<ii<ji<i2<...j;_i<j;=A; X Iji-h,H X ...IRi^ 

Moreover, for the canonical product measure (using Lebesgue measure for intervals in M), 
fJ'iTa^b) — f^i'^a',b') f'^'^ a' < a <h <h' and we have the infinite radius of convergence condi- 
tion : for any K > Q '^kf^i'^ab)^'' < ^^^^ have constants C,K (maybe depending 
on N,t but not k) such that \\a'^^^^^^^,^{X^'\ X^^\ X^^^'^)\U < CK''\\X,\\^...\\Xn\U, so 
that the previous sums converge absolutely. 

Proof. Let us first prove the infinite radius of convergence result : 

y ^ / dsi... / dsi^ / ^ds[ / dsj^+i... / dsi^... / dsi^, 

l,0<h<n<i2<...ji-i<H=k^<^ -^T^'s,^-" J a J a J a 

so tliat tliis is obviously increasing with a 6 as stated in the theorem and : 



k k,l,0<ii<ji<i2<...ji-i<ii=k 

X dsi... dsi, dsj,+i... dsi,... dsi^YlniT^^-'"''") 

Ja Ja Ja Ja Ja ^ 

k,l,0<ii<ji<i2<...ji-i<ii=k ^ ^m\Jrn m))- 



k',l<k',j[,...jl m=l 
k' ' \ j / 



In the fourth line we noted k' (the previous power of {b — a)) is automatically above I 
since the sequence is (strictly) increasing, and moreover, the number of terms in the sum 
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over sequences is always bellow the number of parts of [1, k] (a sequence being the positions 
of changes of colors) thus a bound in 2'^. The bound on a is obvious as seen formulas and by 
induction on n + p) 

The end of the proof is by induction on n+p. First note that the second formula is obvious 
by induction, as is obvious an analogue formula for /f"^"^'^'] ■ Those terms have been put 
into emphasis before, especially because the induction is easy on them. 

It thus remains to check the formula for fy""^^}'^^ In the defining sum, the term 
i = 1, j' = n — 1 ( let's call the corresponding sum (1)) is almost obvious either by induction 
or by our assumption on H. However, let us note that we need to use the decomposition 
for H but with one middle term maybe of the form (Xy)t"l where X and Y are two terms 
coming from a same f{Xi, ...Xk) divided in two cr's. But since at the final level we cut in 
the middle between a and a t, this actually happens only ii k > i + 2, so that the number 
of terms in the alternating pattern on which we apply H being less than two less than — 1 
the maximal point of our knowledge for H, we can add an alternating pattern X'^'l'^ly'"! 
to get the wanted decomposition by the assumption. (Of course, H like $ is compatible 
with these insertions of I's). One then decomposes F and 4> as above (in the decomposition 
for (j)) to get a "t^^ term. In a shortened formula (without arguments easily deducible by 
the reader), one gets (sum-sum and sum-integral exchanges being justified by summability 
either assumed or inductively proven) : 



(1) = / dsj+i... I dsk ds' ds 

^■^l(^,+i,...Sfc),«(^l' 0O,s^^i,■+l(-^(^iJ+l,s,J))^-^l,(sJ+l,...3fe),«>(^^' (®0,s',s,+i-^(^ij+i,s,t)))' 



This sums thus takes into account a part of the sum of a^^^'''{a^^^''')* . Precisely, when j ^ I, 
the disjointness of integration areas removes the double sum corresponding to each a^^^''' 
(actually the double double sum, one double sum for j, one for Z,the disjointness of integration 
areas comes from the fact we take a disjoint union over list of integers corresponding to the 
number of F's cut in between both sides of the acr* product, and certain of those integers 
also roughly corresponds to j, I and A;'s at least in the case we consider here) and reduces it in 
(two, one for j, one for /) simple sums as above. All those terms are thus taken into account 
here. When j — I, the double sum over I cannot be removed (contrary to what happened in 
the first case, in absence of term coming from H, the k-1 terms are only a part of the last 
bunch ot variables Sj^ in the space of integration T, exactly those corresponding to 

^=Sf' s above Xi's we can always emphasize those variables and we only have here the part 
with the same number of variable of that kind for Xi and X[), and we only have here the 
diagonal part of it, the second part will appear later. In other words, with obvious notations, 
we have obtained : 
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oo „ 

JTh...... 



v,s,lu,t] V w,s,[w,t] ' 



°° fc 1 fuhw rsk—i 



+ / dsjj^i... / dsk / ds / ds 



where we may have also used the form of ©° : 

Let us now discuss the part, say (2), indexed by (1, fc, (t), (a,r, n)), A; < r of the defining 
sum of fl"[ut'w^ Here we obviously want to apply induction hypothesis to /^"^ f'"]^'*'' • 

As we have noted, /ij"^^,;!^"^'''''^ = A^t'S'^ ^^^^ /ijCtl5''^ decomposes in a aa^ + aa^ 
pattern. 

We thus obtain (using of course a derivation property for F) : 

fuAw fSh—i C 

ds 



ru/\w r 

The first part of the first term (with a (1) in the right) exactly gives the lacking component 
of the (1-1) term, or at least the part where the number of Li's on X[ is greater than the 
one on Xi (of course in the I — j case for the cr^^^ of the left, nothing being imposed on the 
right, except a minimal number of "^=5?' s). 

The term of the first line with (2) and of the second line with (1) corresponds to parts of (1- 
2) and (2-1) terms respectively, again the global sum being divided depending on the number 
of variables of integration in the above bunch of them fixed on Xi or X[ respectively. More 
precisely, note we get all the terms we need since when jV 7^ Ir in the side of u^^^ (assuming 
it on the right to fix notation) with the terminology of the defining sum, we have to have 
an higher ji > jr in the side of a^'^\ this appears thus in the second line of our formula for 
(2). If jr = Ir, we have as above two cases ji > jr appears again likewise in the second 
line, and jr > ji in the first line (of the corresponding term (3) of y(i2-2i) ^ i^^Q^e appears 
the symmetric case with inversion of right left positions of cr^^^ and cr^^^). We discuss the 
appearance of the integral in variable Ui in definition of o"*^^-' bellow. 

Finally, the (2) term in the last line corresponds to part of the (2-2) term. Of course this 
contains the case with fewer many terms in the ^=Sf of the left (i.e. ji > jr if those are the 
j's of the definitions for cr^^^ on left and right), but also, half of the case of the same number 
of terms (case ji — jr, i.e. j — k in the defining sum of the right cr^^^ of the above expression 
(and not any more of the concluding expression we want it to be equal)). In all cases the 
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variable Sj+i (almost) does not appear on the right (after applying the composition of two 
0's one coming from ^jSf , one from a, note that this simplification also happened in the 
(1 — 2) case). But we said almost since it appears in the integral of the case j = k in the 
defining sum of the right a^'^\ Actually, in the definition of a^'^\ it is called Ui, and we have 
to apply Fubini Theorem (for continuous functions) in our expression for (2) above to get an 
integral of the form f^^"^ dsj+2--- l'^'''^ dsk frri ds f*^ , , . dsj+i. In the case ji = jr 
as we said (j = A; in the other notation), we only get the part J dui dur of the integral 

(here Ur for instance is the Ui occurring in the definition of the right cr*^^-'). Of course the 
symmetric case (coming from the third term (3) of /(^2~2^)) will give the second half of this 
integral, so that we get the last lacking term. □ 

Remark 13. We can now prove the required boundedness property of /^j (beyond s = 0). 
Indeed, we can apply the reasoning of the beginning of the section after having noticed : 

r(4"'<i(^f4°'-41-i)4"J) :=r($^,(xi"]$(:i(xf]4°L.x£_i)Xrj)) 
and moreover is of the form 

riX^>i1{X?X^2^...X^U)X^^) = r(Xo/5^(4"'^f ^i°'-^£-i)^2n))+ terms of smaller order. 

Of course this boundedness can also be proven via the complete multitime case, this being 
just said to have an (almost) completely written proof in the two times case. 

2.4. Symmetry and traciality. We keep notations of the previous part 2.3. 

Let us start with the symmetry for the two times case : r o $q ^ = r o o 5"^ in the 
symmetric semigroup case. As we will see, the general case will follow easily, (of course we 
can also get the case without a using limits proven in the previous part, but we will stick to 
that case in computations for boundedness reasons.) In the non-symmetric Dirichlet form 
context, we will prove r o $q ^ — to "Hq,* ° St, but the relation won't be valid at level a. 

Since indices are enough to uniquely identify equations, we don't write here arguments 
{Xi's of the previous formulas). Let us first note the following alternative equation for fg^ ^: 

(4) 

Js,t — 2-^ \ 'Pu-s,a^ a\Ju,t i ' ''t-u,t J u,t 'H-u,t ■■■'H-u,t i J u,t )■ 

l,il+h+-+n-l+H-l=n-l ''^ 

Indeed, we have a priori, in the middle of the original definition, to apply Hq u to sev- 
eral /if/'"''''''^^2fcl/ifr"'*''°'---/i^r°^'''^') itself determined by a sum of products of the form 

the point is that one can show by a 
translation of variable hj t — u and by induction this equals (after the right summation) a 

corresponding term of h^t-u}- I^'or the reader's convenience, let us write this formally in the 
following : 
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Lemma 14. 



E,(g+l,Q:)/^[«] ^(3i,a),[0] ^[«] .(52,a),[0] r{gq,a),[0] y[u] 
"'0,u \^2ki^Ju,t ^2k2Ju,t ■■■Ju,t 5^; 



q,gi > 1, 
gi + :. + gq + i =jp, 

ki+l ~ ki = Qi 

Proof. We carry an overall induction over jp (and prove simultaneously the analogue for 
/). Initialization is tautological. By formula (the variant for h derived from induction 
hypothesis thanks to the above reasoning), we have : 



hi-^t (-^2fci , • • • , X2k[ ) 

I Yv-{t~u),a^ ce\'^v,t ^Jt-v,t"'v,t J t-v,t ■ ■ ■ J t-v,t ^ "■v,t )■ 

■I , ■/ 7 ■ 1 ^ t — U 



As we said, we take the new variable v' = v — {t — u) to get : 

hi-Ct (-^2fci , • • • , X2k[ ) 

/ aVV+(t-M),i' ^m-d',*' V + (t-M),tiu-u',r--iii-t;',t ^ "■v' + (t-u),tJ ■ 

;j(+i'i+...+i;_l+j,'-i=ip-l 

(To keep coherent notations, let us write U defined such that h = ki and Im+i — Im = 
j'm + ~ 1) assuming fixed a sum as above). 

Applying once again induction hypothesis, one gets 



'V+{t--u),t 



EAqi+l,a) . y[u~v'] r{9i,i,a),lO] y[u-v'] p{g2,i,a),[0] r(9qj,a),l0] -^[m--u'] ^ 

"'0,u-v' \^2mi^i jJu-v',t 2m2,; Ju-v',t ••■Ju-v',t '^2m^,_^^_,y 

q'i,gi,i > l,"!-!,/ = h 
gi,i + ■■■ + gq[,i + 1 = 

Now, we have to use the semigroup property for 

Ju-v',t 2-^ Ju-v',u \Ju,t ^2nij^r--J u,t )■ 

a" 

gi,i > l,g'lj^i + ... + g'^,^ ji = gj,i 
"-j+ij,/ — nij^i = gi,j,i,nojj = rrij^i 
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We can now reapply induction hypothesis with u instead of t and u-v' instead of u, 
instead of v' to get 



"'v'+{t-u),t 



E ft;- 

Q'l,9i,l,m,i,i = li>l 
91,1 + - + 9qll + 'i- = i[ 



\^2mi^li J u,t ^2m2.;-'u,i 



] r(9q,l,O!),[0] y[u] N 

■■■Ju,t '-^2m^,_^i;^ 



Putting together this expression the previous one and the second relation of the proof for 
the searched quantity, this readily concludes (also reusing the definition of /io,u)- D 



We start by proving several relations coming from differentiation of /^^i^s t •••/s t " '^t-^t ) 

in s (computing these expressions is maybe motivated by the previous remark). Since every 
maps involved in the a-case are bounded, we readily get the following : 



Lemma 15. The derivative in s of T^f^^l h^l'^^ ..J^^l h^l^^^^ is : 



k 

+ \Y.<fsr'-i^G^ - A*Gi){h^i-sl)---h^':}) 

k 

k<k' 
k<k' 

k,p jfc,i+*fc,i+--+ifc,p=ifc-i+p>i 

/ f lO'i,") -p /lO'fc.i'") f(*fe,l.°) /■(«fe,p-l>") 7 Ofe.p.a) w(ifc+i,a) p{ii,a) ,{ji,a)\ 

'\Js,t 'H-s,t aVH-s,t TJs,t ■■Js,t ^"'t-s,t )Js,t ■■Js,t 'h-s,t ) 

-E E 

k,p ik,i+jk,i + --+ik,p=i'k-l+P>l 

^( Aii,a)Ajx,a) p / r{ik,i,a) Ajk,i,o^) i(jk,p-i,a) f(.ik,p,a)^,{jk,a) f{ii,a) ,{ji,a)-. 
'\Js,t 'H-s,t a\Js,t i"'t-s,t ■■■'H-s,t i J s,t )"'t-s,t ■■J s,t "'t-s,t ) 
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Proof. The very definition (and formula (jl]) above) gives tlie following derivative in s of 

'\Js,t 'H-s,t ■■■J s,t 'H-s,t)- 



7^ 2-^^\Js,t '^t-s,t ■■^'~^a{Js,t )'^t-s,t ■■Js,t '''t-s,t) 
k 



2 

k 



2 

k 



+ E E 

jfc,i+*fc,i+--+ifc,p=i'=-i+P>i 

f {uUk,l,a) p(ife,i,Q:) ^(jfc,p_i,a) r Ofc,p,a) ,o) r{ii,a) ,{ji,a)^ 

'\.Js,t "'t-s,t --^ a\'H-s,t ■>Js,t ■■Js,t ^ "'t-s,t )Js,t ■■Js,t "'t-s,t ) 

-E E 

k,p «fc,i+ifc,i + --+«fc,p=«fc-l+P>l 

^( f{il,a) 7{ji,a) p /j-(«fc,i''^) /,(ifc,i'") /,(ife,P-l'a^) f («fc,p.") \ /, Ofc.a) f («; L O'i ,«) ^ 
'Us,t 'H-s,t --^ a\J s,t ■>"'t-s,t ■■'h-s,t 'is,* J"'t-s,t ■■J s,t "'t-s,t I 

Now, we can compute the first line 

A; 



4 



4 



^r{ff^''^..{AG^-A*G::){f^:i'^)..}^f) 



k 

fc<fc' 

fc<fc' 

At the last line we have used the following identity (summing only the definition of F^): 
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k<k' 

- 2 J2 riXiYi...Xk{ra + ra){Yk, ...Xk',Yk>)...XiYi) 

k<k' 

= J2 riXiY,..{AGa + A*Ga){XkYk..Ykr^i)Xk'..XiYi) 

k<k' 

+ T{X^Y^..Xk{AGo^ + A*G^){Yk..Yk>-iXk>)..XiYi) 
- T{X^Y^...Xk{AG^ + A*G^){Yk...Yk'-i)Xk:...XiYi) 

- t{X^Y^...{AG^ + A*G^){XkYk...Xk')...XiYi) 

- t{X,Y^...Xu{AG^ + A*G^){Yu...Xk,)...XiYi) 

- T{X^Yr...Y^{AG^ + ^*G'a)(Xfc+i...Xfc,y,0-^i^O 
+ r(XiFi...Xfc(AG'„ + 

+ T(Xiri...(AG'a + A*G',)(Xfc+i...XfcO...X;l/) 
= Y,<{AG^ + A*G^){X,.yk).yi) -t{{AG^ + A*G^){X,..Xj,)..Yi) 

Kfc 

+ r(Xi..(AG', + A*G',)(Xfc)..ll) 
+ 5^r(Xi...(^G, + A*G^){Yk..Yi)) + r(Xi..(^G, + ^*G,)(Xfe..F,)) 

k<l 

-t{X^..{AG^ + A*G^){Yu)..Yi) 
= J2 r{X^...{AGa + A*G^){Xk)...Yi) - t{X,...{AG^ + A*Ga){Yk)...Yi) 

k 

In the third hne we have used the following reasoning to simplify a telescopic sum, all terms 
with an even number of terms bellow the A's, thus beginning by an X ending by a Y or vice 
versa, appear twice with different signs, once coming from a F with X's at end points, once 
from with Y's at end points; of course this does not apply to boundary terms thus remaining 
in the third line; all terms (again except boundary terms) with an odd number of terms also 
appear twice with a different sign, once as the inner term of a F (in r(A, B,G) a A{B)), 
once as an outer term (in T{A, B, C) a A{ABC)). For the last equality, we used symmetry 
of [AGq. + A* Go) to remove almost all terms. □ 

We thus want to integrate those relations, and sum them so that almost all terms cancel. 
The point is that the boundary terms of the integrals in and t vanish except when i^s are 
1 in case we get a non zero value at t, or j^'s are 1 in case we get a non zero value at 0. 
Moreover those boundary terms give exactly the expression we want to relate, we have thus 
obtained : 
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Lemma 16. 

ro<-)o^,-ro$Sr)= Yl 

h+jl + ...+il+jl=n-l+l>l 

k 

k 

k<k' 

fc<fe' 

Especially, in the symmetric case, the right hand side vanishes as claimed earlier. 

In the non-symmetric case, it remains to prove this converges to when a goes to infinity, 
this is the result of the next : 

Proposition 17. With the previous notations (especially D{A) fl D{A) D M is a core for 
D(AV2);,ro o5, = ro$g. 

Proof. We have to prove that the right hand side of the formula of the previous lemma goes 
to zero. First, rewrite the AG a terms in terms of the corresponding F^, for instance : 

\j2^{fS'^...{AG^-A*G:j{f^l:'^)...hi^^) 

k 

k 
k 
k 

Using ^"'"-convergence (and the positivity of Fq,, and a derivation property for 5, to get 
||.||i of terms in Fq,), we can replace h^t-s^t by h^t-l,ti idem for /, bellow Fq, (first and third 
arguments). We can use the L^-convergence of Fq, and Fq to F (lemma [7]) to see that 
the integral of the four lines indeed go to zero (a DCT applies as in previous parts to get 
convergence of this integrals). □ 

Let us now sketch the proof of symmetry in multitime case in our main example of interest : 
T o^i pO <|)[]^^ = r o \^"^^'P^ o Hq^^'^'^J^ o St^p. The proof will only be a matter of decomposing the 
highest and smallest time to use in the right way induction hypothesis and the two times 
case. 

Recall that via the identification of p = (p', u) we have a well defined a{p) = (cr('U, p'), t(p'))- 
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The following equation is in the spirit of and is the crucial part in extending the two 
times case to the general case. 

Lemma 18. Recall T{cr{t, p)) = r{(r{{p, t))) = t so that we have defined vI/C'^CCp.*))'*) . We have 
the relation : 

vl/^''^ o S, o = $0, o S, o vl/W(P,t))),t , s,,, 

We can now conclude the proof of the symmetry property as follows. By an induction 
hypothesis, we know : r o = r o ^"ji"^ o Sp. The previous lemma thus gives us (using the 
two times case for the second equality) 

r o o $g ^ = r o $o,t o S^t) o o St,p = r o Ho,t o ^^J^^'*))'* o St,^. 

Said in words, we want to compute an evolution with a sequence of times gathered in p 
and above a time t, after this highest time evolution we first inductively apply symmetry to 
the part with p to get a term like the one in the left hand side of the lemma. This lemma 
means that if we evolve the highest time t, then invert times and evolves, this is the same 
as inverting times, evolving the same bunch of times corresponding to p, re-inverting and 
finally making evolve the highest time t. With this highest time evolution $o,i just under 
the trace, we can now apply symmetry we proved in the two times case to get only H terms. 

Recall cr((p, t)) = {a{t, p),T{p)) so that by definition, we have the following concluding 
equation : 

Explained in words again, the evolution of the part corresponding to p symmetrized can 
be decomposed in the evolution of the highest time range in p followed by the inversion of 
the remaining bunch of times in p, by the very inductive definition, then we can gather this 
bunch of times with the highest time range t to get the second part of the evolution in the 
symmetric of the union of p with the extra time t... 

Sketch of Proof of lemma 18. Let us fix several notations. As in definition 8, let us call 
ln,a{p)^ ~^n,(a{p,t),t) ^^(p) ^ ^p(p,t))),t ^^^^ g^^^g definition as f^ f for i.e. as we said 

variants of Boolean cumulants. Let us remind the reader that, in this paragraph we stick to 
what is called in subsection 2.2 our main example, i.e. p is nothing but an ordered sequence 
of times, being an algebraic free product of one copy of M for each time. Those maps 
are defined on M"^p^ , with value respectively in M or M[t] * M[o] (the free product of M 
thought of at time t with M thought of at time 0). As we noted in this definition 8, as soon 
as such a formula for or here '^'^''\ v]/^^'''''*^-'^'* exists, it completely determines / or h, 
existence follows inductively from our definitions, let us emphasize we gather here all non- 
zero times, i.e. h^'^^^P^ is really a boolean cumulant with as conditional expectation on 
M[o], /;,"'(°"(^'*)'*) is a boolean cumulant with vi>(^(('''*)))'* as conditional expectation on M[f]*M[o]. 
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For example imagine a{p,ti) = (0 < ti < ^2) then 

^ (ct(p.* 1 ) .* 1 ) ^^^^ j^^^ j^^^ j^^^ XqXi^ XqXi^ Xt^)) 

^/^6,WpA)A)(x,^Xi,Xi,Xi,XoXij[*^]Xo/i2'('^('''*^)'*^)(Xi,Xij[*i] 

+ h'''^''^P'''^^''\Xt,Xt,Xt,Xt,i'^^ 

+ h^'^''^'''-^^''\Xt,Xt,Xt,Xt,f-^Xo{Xt^^^^^^ 

Thus, expanding in this way, \E'^^''^ o o $^ ^ is a sum of terms each one being expressed 
as a product of terms hke : {h^''^'^P^ ° SpO $q or f^f and non-involving terms (originally at 
highest time in p and at arrival thought of at time because of time inversion Sp). Indeed 
after $q ^ we got products of unchanged terms (in M^) and of various fgf thought of at the 
highest time in M^, then after time inversion via Sp, this highest time becomes 0, and there 
may be several /"'/"s non evolving via 

^2''^ or they may appear bellow an h"''"'^'^'. 

Likewise, $o,t oSto o St, p is a sum of terms each one being expressed as a product 

of terms like h"-'('^(p'^^'^^ o St,p, /o,t ° St o -qj^^^^f'^^^^'^ o St,p and the same non-evolving terms. 

The only point in the proof of the equality of our lemma is the remark : fo,t° Sto'^^^^^^'^^^^'* o 
St,p = fof and o St,p = {h^'^P^ o S'p o $(J J. In case this may not seem obvious, we 

explain the first, the second being a question of rewriting inductive definition for h. 

To prove those formulas by induction (again on n the number of alternating times term on 

which they are applied), we have to prove simultaneously fu,t° Sto'^^^^^'^^^^'^ ° ^t,p = /"/ and 
~^nM{p,m) o St,p = {hi^iM)^^) o Su,p o <l>(;^i). Of course hC'^ipfim = ho(p) ^j^jg generalizes 
what we need. 

The very definition of gives, if we write /i"'^'"'* = /^(".'^((p."))) o S(^r,a){u,p) o '■ 

l,h+ji+-+jl-l+H-l=n-l •^'^ 

But /."'^'"'* = /,H^^",-((P,«)),«) , s^^,^^i^^,p) o = ^^^^('^((P.*))-*) o St,p by induction 
hypothesis and lemma [T^ . Using now induction hypothesis in the above expression on fu,t^ 
of the right hand side, and using we got fs,t ° St o vi/^(('''*)))'* o St,p = f^f- As far as 
the other equation is concerned, we first note that by definition /;,"'(°"((P'*))'*) = /^('^(t'P)'*) o 
-^o^'Ip)'''*'''^^ • Thus an obvious induction on the number of times in p reduces the result to 

proving h^(^^"^)^*''^^^ o St,p = ^o"r(p)'*^"'^'*'' °'^«:P°'^«,t- modulo inversion of / and h in what we 
previously proved, we checked (using St,p is the inverse of Sr{p),a{t,p) and a{{a{t, p),T{p))) = 
{p,t)) : /is,r(p)o5^(p)0^(('''*)'^('')) = /ii";J"p)*'''^^o5t,p. But by the semigroup property = 
vl>({p:«):^(p)) o <|)^^^, SO that applying twice the previous formula, one deduces the formula we 
want. 

□ 
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Remark 19. Let us note that traciality of r o vl/^ o ^'^ ^ is now obvious by induction. Indeed 
we can move a "0-time" element around the state by induction hypothesis, and we can move 
a t -time element in the same way after applying symmetry. 

2.5. Summary of construction. Using the remark of the first section on Path spaces, we 
have thus obtained the following : 

Theorem 20. With all the previous notations. Let us assume as in part 2.1, A is the gen- 
erator of a non-symmetric Dirichlet form, such that the anti- symmetric part is a derivation 
in the sense of Let us assume D{A) fl -D(A) D M is a core in D{A^^'^). There exists a 
pair of f and h a-approximated (N-hl)-level-semigroup-families mutually affiliated to A and 
A*, for all N. The linear functional r they induce on Path space Vaig{M) is a tracial state 
extending r in each time and it extends to Vmax{M). If (pt = e"*"^/^ is symmetric, t is also 
symmetric ( i. e. as soon as only products of terms with time between and t are involved, 
invariant by the symmetry of times around t/2). It is also translation invariant, so that de- 
scribing T^jJiaig^^) inductive limit ofV[-t,oo),aig{M), it extends to a tracial symmetric 
state on T^j^aig^^) ^'^^ ^^^'^ ^IRmax^^)- -^^ distinguish this one of the previous one we 
call this extension tjj^. Because of the translation invariance, the translation of times on 
Path space induces a *-homorphism at on the GNS construction {M,t) of {Vmax{M) , t) and 
an automorphism (also denoted) at of the GNS construction {M,t) of {Vj^^^^{M),tjj^. 
at is a dilation of (pt in the sense that EMo{c(t{x)) = 4>t{x). When (pt is symmetric, the rever- 
sal of time involution also induces a trace preserving involutive automorphism (5 on (M, r) 
satisfying of course (3at(3 = a_f 

Remark 21. Let us note that for those semigroups considered, our construction shows (pt is 
factorizable in the sense of [I]. Actually, one can prove our processes are freely Markovian 
in the sense of |1B], so that when restricted to integer multiples of t, we recover the non- 
commutative Markov Chain construction of Theorem 6.6 in [1], based on reduced free product 
with amalgamation. Especially, reversed martingale properties proven in that theorem are 
also valid here (as it may have been clear using our symmetry properties). 

3. Application to Transportation cost inequality 

A free Talagrand transportation cost inequality was first proven in [6] in the one variable 
case and we will extend here there approach to the general multivariable case. The key 
point is to get an estimate on Wasserstein distance between two infinitesimally close points 
in an Orstein Uhlenbeck process. More generally, we will first get such estimates along any 
solution of a free SDE with polynomial drift. Again the key argument is based on starting 
simultaneously our stationary process at Xt a point of this SDE and get an inequality 
between the path of this SDE and the stationary variant in comparing drifts. Thus we will 
start by proving in a first subsection that our process indeed satisfy another free SDE when 
the derivation is a free difference quotient. In fact, we will prove a slightly more general 
result about subsystems looking like a free difference quotient for further use when we will 
prove that our process do satisfy a SDE in a much more general context. We will then turn 
back to our infinitesimal estimate in a second subsection, and finally to free transportation 
cost inequality in a third. 
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3.1. Solution of our SDE in the free difference quotient case. We will use the fol- 
lowing variant of Paul Levy's theorem giving a characterization of Brownian motion proven 
in [3] for the free Brownian motion, we use here an immediate extension to Speicher's B- 
Gaussian stochastic processes [IS]. Thus S is a fixed von Neumann sub-algebra with its 
canonical r preserving conditional expectation Eb, rj : B ^ Mm{B) (if m infinite, this 
denote B (g) B{Hm) Hm of dimension m), a completely positive map, assumed to be r- 
symmetric {T{rjij{x)y) = T{xriji{y)) so that via Proposition 2.20 in [H] the associated B- 
semicircular system is tracial. Given Bg be an increasing filtration of von Neumann alge- 
bras B G Bq, we will call adapted B-free Brownian motion of covariance 1] a family of 
adapted processes such that {X^)s>t is Speicher's _Bs-Gaussian stochastic processes with 
covariance given by EstdXl — Xl)b{Xi — Xl)) = ((s Am) — t)rjij{EB{b)), for any s,u > t, 
b e Bt. Stated otherwise in the notations of [H] W*{Bt,X{, s > t) = ^{Bt,fi o Eb) where 
fj: B ^ 5(L2([t,oo)) ®5 given by ® i, r/(6)(l[t„) ® j)) = {{s Au) -t)r]ij{b) with 

obvious notations. 

Theorem 22. Let Bg be an increasing filtration of von Neumann algebras in a non- commutative 
tracial probability space (M, r) = {Z}, Z"), s G IR+ an m-tuple of self- adjoint processes 
adapted to this filtration Zq = and : 

(1) T{Zt\Bs) = Zg 

(2) Zt- Zg = Uts + Vts with T{\Uts\^) <K{t-sfl^ andT{\Vts?) <K{t-sf 

(3) T{ZfAZ\B) = T{Z^AZiB) + {t - s)r{A^ik{EB{B))) + o{t - s) for any A,BeB,. 

Then Z is a B-free Brownian motion of covariance rj. 

Note that we don't assume G M a priori, this is the main improvement with respect 
to the result of [3]. In order to prove that boundedness follows from our assumptions, we 
will crucially use [15]. The idea is to deduce a variant of Burger's equation for the resolvent 
of our process. We will actually apply in the same time the method of characteristics to get 
uniqueness of the solution, thus equality in 1-variable distribution with Brownian motion. We 
also slightly weaken assumption (2) even though this will be easy to recover their assumption 
when boundedness will be proven. This will be crucial for us since Vt^s will correspond to an 
ordinary integral term easy to bound but only in ||.||2-norm if we don't want to add strong 
conditions in the theorem solving our SDEs. 



Sketch of proof. Let us use classical resolvent equations (and compute for b,c & B such that 
(6 + sc — Zg) admits an inverse in M for all s G [0, t], with 1 1(6 + sc — Zs)^-*^! | < C): 

{b + tc-Zt)-' =b-' + 

n-l 

2^(6 + c{i + l)t/n - Z(^i+i)t/n)~^{Z(i+i)t/n - Zit/n - ct/n){b + cit/n - Zn/n)'^ 

1=0 
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ih + tc-Zt)-^ 



n-l 



= 6 ^ + ^{h + cit/n- Zit/n) ^{Z{i+i)t/n - Zu/n - ct/n){h + cit/n - Zu/n) ^ 

i=0 

n-l 

+ + cit/n - Zitin)-^{{Z(i+i)t/n - Zit/n - ct/n){h + cit/n - Znj^y'^f 



i=0 

n—1 

Y,{{b + c{i + l)t/n - Z^i+i)t/n)~^ -{b + cit/n - Zu/n)'^) x 

1=0 

-1\2 



X {{U(i+i)t/n,it/n + V(i+i)t/n,it/n " Ct/n){h + Ctt / Tl - Zit/n) Y 

After taking a conditional expectation on B and using our assumptions, one gets : 
EB{{b + tc- Z'l)-^) = h-^ + no{t/n) + 



n—1 

V 



n 

i=0 



J2 Eniib + czt/n - ^/J-^ ir]kk{EB{{b + ctt/n - 4/n)"')) - c) {b + ctt/n - Z^/J'^) + EB{Rn) 

i=0 

with 

n-l 

Rn = ^{b + C(i + l)t/n - Z^i+i)t/n)~^{U{i+l)t/n,it/n + V(^i+i)t/n,it/n " Ct/n)x 
i=0 

x{b + cit/n - Zit/n)~^iU(i+i)t/n,it/nib + cit/n - Zu/nY^f 

n-l 

- ^(6 + di/n - Zit/n)~^{ct/n){h + di/n - Zjt/„)"^x 
X - - ct/n){h + cit/n - 

2^(6 + dt/n - ^it/n)"^(%+i)Vn - Zit/n)(b + dt/n - Zjt/„)~^x 

i=0 

X {ct/n){h + di/n - Z^t/n)"^ 



i=0 



n-l 



n-l 



+ ^((6 + c(z + l)t/n - - (6 + cU/n - Zu/n)~^)x 



i=0 



X {U{i+i)t/n,it/n + V(i+i)t/n,it/n " ct/n){h + dt/n - ^(V(j+i)t/„,jt/„ - d/n)x 

X {b + cit/n - Zit/n)~^ 



n-l 



+ J2((b + c(i + l)t/n - - (6 + cit/n - Zu/n)~^) x 



1=0 



X {V(i+i)t/n,it/n - ct/n)(b + cit/n - Zit/n) ^{U(i+i)t/n,it/n){b + cit/n - Zit/n) ^ 

---.Sn + Tn + T^^ + Wn + W;, 



A NON-COMMUTATIVE PATH SPACE APPROACH TO STATIONARY FREE SDE 



45 



Using a non-commutative Holder's inequality, we deduce from our assumptions : 



n-l 



i+l)t/n,it/n 

\\l\\{b + cit/n - Zit/ny^\f\\ ip + c{i + l)t/n - %+i)t/„)-i 1 1 x 

1=0 

X \\U(i+l)t/nM/n + y{i+l)t/n,it/n " Ct / n\\2 

< C^K^'\t/nf/^n{{Kf/\t/nf/^ + {{Kf''' + \\c\\)t/n) 
r.lb, r^lb < \\c\\tC\{Kfl\t/nf/' + {{Kf/' + \\c\\)t/n) 
llW^nlli, iKlli < t2C\{Kf" + \\cmKf'\t/nf'' + + \\c\\)t/n) 

Thus, we found (using a Riemann integral since Zt is continuous in ||.||2): 

EBiih + ct-Z'l)-^) 

= h~^+ [ ds EB{{h + CS- Z\)-^ {vkk{EB{{b + cs - Z^)-')) - c) {b + cs - Z^)-'). 
Jo 

If we can apply this to c = rii^k{h~^)^ Gronwall's Lemma immediately gives E B{{h+riki^{h~^)t— 

z\Y') = h-\ 

Now, we apply Theorem 2.1 in [15] so that for any z in the upper half plane, one gets a 
unique solution W G -B+ (the elements of B with strictly positive real parts, i.e. larger than 
eJ) to -izW + tr]kk'^)W = 1. Let us call b = {-iWy^ G B (note that -iW has strictly 
negative imaginary part and is thus invertible in B via e.g. lemma 3.1 in [T3] (and a double 
commutant argument) ). As a consequence, 1 + trjkk{h~^)h~^ = zh~^ or 6 + trjkk{h~^) = z. 
Thnsb + Vkk{b-')s-Z^ = z-Z^-r]kk{b-'){t-s) = {1 + Vkk{tW){t - s){z - Z^)-'){z - Z^). 
Since Z^ is self-adjoint, \\{z — Z^)^^\\ < l/\Qz\ and by Theorem 2.1 in [15], we also have 
\\W\\ < l/\Qz\, thus \\rikk{iW){t - s){z - Z^)-^\\ < t/\Qz\'^\\rikk\\, so that our invertibility 
assumption is satisfied using Neumann's lemma for z with sufficiently large imaginary part. 

We have thus verified our assumptions to get for such a z: 

EB{{z-Z^)-') = b-\ 

Now everything can be applied for a B-Brownian motion of covariance 17^^, so that the 
equality (and an analytic continuation to upper half plane) proves Z^ has the same distribu- 
tion that such a Brownian motion, thus is bounded. The same can be applied to Z^ — Z^ to 
strengthen our assumption to an analogue with = 0, i.e. an appropriate 1 1.| I4 boundedness. 

We can now apply the argument of [3] to conclude. □ 

Theorem 23. Let A, 6 as in section 2 and (M, r) given by Theorem with canonical 
filtration Mg (induced by the one on path space). Let us assume given B G N G M von 
Neumann sub-algebras 

We assume 6{B) = 0, A{B) = 0, N = W*{B,X^, ...,X^), 6 = 61 ® 62 with 62{N) = 0, 
and after restriction 61 : B{Xi, Xn) ~^ H{B{Xq, ...,XQ),rix) is identical to the (multi- 
variable obvious generalization of) the free difference quotient with respect to a completely 
positive map rj of [12], i.e. rjx = 1] o Eb, H{B{Xq, Xq) ,rix) the bimodule generated by 
(i.e. completion of the linear span of) bSib' (Si often written 1 ^ 1 in one variable case) 
with B{Xi, ...,Xn) -valued scalar product {bSib',cSjc')B(x) = b'*rix,ij{b*c)c' ,{bSib' ,cSjc') = 
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T{{hSih' .cSjc!) B{x)) , CLnd 5i = di the unique derivation satisfying ^^(Xq) = 

li=jSi, d,(b) = 0,beB. 

Let us also assume X'q E D(A)r]D{A) so thatQ^ = ^(^o) ^ -^^(-^o) anc?T((X^)^A(Xo)) = 
r((X^)3A(Xo)). 

Let us call Sl = Xl - X'^ + \ £^ids then {S^, ...,S^) is a B-free Brownian motion of 

covariance rj adapted to the filtration Ms ■ 

Proof. For any Y G L^(Mo) the function Ys is easily seen to be continuous in L'^{M) Since 
||Kj||2 is constant, they are Riemann integrable, and thus 1 1 /q* ^sC^sl I2 < t||lo||2- We write 
St — Ss = Ut,s + Vt^s with Ut,s = Xt~Xs, Vt^u = i C'^"^) have thus checked the assumption 
on Vt,s in (2). 

To check the first assumption of Paul Levy's theorem, we have to prove cancellation of 
t{{SI — SI) As) = t{{XI — XI + \ du^l)As) (for ^4^ a non-commutative polynomial in 
Xu, u < s) By definition of our state 



2 



r{j\uC,As) ^\ j\uT{{<t>..smsAs) 



' j^T{{<t>u-s{Xl))sAs) 

= T{XiAs)-T{ct>t^s{K)sAs) 

= t{XIAs) - r{XlAs) 

We know check, in a similar way, the third assumption, with the first proven, it suffices to 
show t{{S^ - S^)A{Sl - Sl)B) ^ {t - s)T{r)ki{EB{A))B), with again A, B non-commutative 
polynomials as A above. 

Again let us compute (The first computation is really the same as the previous one) 



^t(^ du ^uAJ^ du ilB) = -^jjujjv lu<vT{euA{4>v-u{eo))uB) + l,<uT{{(t>u-v{eo))vAOB) 

Hit^iXXB) - T{euA{<Pt-u{Xl,))^B)) 
+ 1 fdv {riiX^^AQB) - riicl>t_,iX^)%AQB)) 
fdu riCtAXlB) + riX'^AClB) 

J S 

- l^(J/^ iuAXlB) - ^t{X^aJ\u ilB) 
^J\u Ti^uAXlB) = \jyn T{{<j^u-s{eo))sA{<j^u-s{Xl,))sB) 

r(un<i>u-v(eo), K(A), 0„_.(x^))).s) 
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where ^1{A) is only a formal expression to replace the term in the definition. 
But 

^J^u r((0„_3(Co')).^(0«-.(X^))a5) +r((0„-3(Xo^))3A(0„-.(C^))35) 
= T{X^AXiB)-T{i<l>t-s{X^))sA{(l>t-s{X',))sB). 

and likewise, 

^J^u J\v T(0,(r(0„_,(eo'),$:(A)>„_,(x^))),s) + T(0„(r((/)„_„(Xo^),^ 

--J'dv r{Mn^t-v{X^),KiA),<t>t-v{Xl,))),B) + J' dv T(0„(^(Xo^ 

= l^v r{Mn<f>t-v{X^),KiA),(pt-v{Xl,)))sB) + r{{MVki{EB{KimsB) 

= J'dv r{Un(Pt-v{X^),KiA),<Pt-v{Xl,)))sB) + {t- s)T{r)M{EB{A))B) 

We have used that r{X, Y, Z) = Y,i,j{di{X*),Ydj{Z))B{x}) + T2iX, Y, Z){X, Z e N), and 
for Xq since 62 vanishes on them and with the vahics of free difference quotient we also 
have r(Xg,F, Xq) = r]ki{EB{Y)). Finally, we also used that by symmetry r((6)o$*(A)) = 
T{{(f)v(yb))sA) and for 6 e 5 since A{b) = 0, 6{b) = 0,0^(6) = b this equals r(6o^) so that 
Eb{<I>:{A)) = Eb{A). 

If we sum up, we got : 

t{{X^ + \fdu eu)A{Xl + \fdu QB) = t{X^AXIB) + {t - s)T{rjki{EB{A))B) 

The result we wanted to prove {t{{S!^ - S^)A{Si- Si)B) = (t- s)T(riki{EB{A))B)) follows 
from this and the already checked t{{S^ — Sg)AXlB) — (and the symmetric one, of course). 

It only remains to prove the second assumption of Paul Levy's Theorem (by invariancc of 
time we only consider s = 0, Xq = Xq). We will prove this without care about the constant 
K, recall we have to bound r((Xt — Xq)^). First note that using (pt preserve r, we have 
r{{Xt - Xo)2) = 2r(Xo(Xo - 0t(Xo)) < 1 161 1 1 |Xo| |t < Ct. 

But now, using traciality and t{X^ ) = 'r(XQ), we get r((Xt— Xo)'^) = 2T((Xt— Xo)Xo(Xt — 
Xo)Xo) + 4r((Xi - Xo)2Xq2) + 8r(XQ3(Xi - Xq)) + 4r{Xf{Xt - Xq)) 

For the two first terms up to a term of order t^/^ (we could get a term in with explicit 
computations, but this bound is automatic by what we already noticed and sufficient) they 
are equal as above to 2r{StXoStXo) + 4r{SfX^) = 2tr{Xor]ii{Xo)) + 4:tr{r]ii{l)X^). 

Finally compute first r(Xo^(Xt-Xo)) = dsT{(l)l{Xi)Co) = -It{XIA{Xo))-\ dsT{{(f>*- 

id){Xl)Co). Likewise r(X|(Xi - Xq)) = T{{td - <f>t){Xl)Xo) = dsT{<f>s{A{X^))Xo) = 
lr{A{Xi)Xo) + \ dsT{A{<t>, - id){{Xl))X,). 
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But as far as the terms linear in t are concerned in those two expressions, since we 
have among our assumptions t{Xq{A — A)(Xo)) = 0, they sum up to — 4tr(Xg A(Xo)) + 
2tT{A{X^)Xo) = -2tr(X3A(Xo)) = -2tr{d,{Xl)d,{Xo)) = -2tT{r]u{Xo)Xo)-4tT{r]u{l)Xi) 
so that they cancel exactly the various previously found linear terms. The second terms are 
bounded by ||v4*(X^)||2||^o||2t^ and \\A{X^)\\2\\A* {Xo)\\2t^ respectively, we are done. □ 

3.2. Infinitesimal estimates along trajectories of free Brownian diffusions with 
polynomial drift. Even though we will be mainly interested in an infinitesimal estimate 
along the Orstein Uhlenbeck process, which can be obtained using a change of variable 
expressing explicitly the law at time t of this process, we will give here the proof of a result 
of independent interest, for more general solutions of free SDEs with polynomial drift. Thus 
if Vi{s) is a (C^, i.e. with coefficients of monomials in s, see later the second main theorem 
for details) family of non-commutative polynomials over a sub- algebra B, we will assume 
given on [0,T] a process satisfying : 

Xl = X^,+ fv,{s){Xl...,X:)ds + Sl 
Jo 

where SI is a B-free Brownian motion (say of covariance H : B ^ Mn{B) H(h) = Diag{r]{b))). 
Such solutions can be obtained via Lipschitz arguments as in [5], but we only assume here 
we are given a solution, whatever the way we get it. 

We state first a more general result and then check that the bounded conjugate variable 
assumption used here is satisfied in our polynomial drift case. Let us recall the definition of 
Wasserstein distance relative to a sub-algebra B (with a given state 6 on it), as defined in 
[6] (~ denotes equahty in distribution): 

dwiiXu ...,X„), (n, ...,F„) : B) = m{{\\{Xl - r/)i<.<„||2 | 

{X[,...,X'^,Y;,-X) C (M3,r3), Be Ms nls = 9, 

{x[, x;, B) ^ (Xi, x„, B), {y;, v:^, b) ^ (n, r„, b) } 

Theorem 24. Let assume given a process satisfying 

Xl = Xl-\j'^'E.lds + Sl 

with SI is a B-free Brownian motion of covariance rj, G W*{B,Xl, ...,X") (such that the 
integral make sense). Assume moreover that Xj, X^ has conjugate variable with respect 
to B and rj (as in [H], or with the notations recalled in Theorem d*S.; = ^* G L'^{M)), 
and is continuous to the right in \ \.\\2-norm at s. Then for t > s close to s : 

dwiiXl, Xn, (Xl, X;) : S) = - + o{t - s). 

Proof We fix s. We apply Theorem El to the case N = M = W*{B,Xl, ...,X^) 6 the 
associated free difference quotient as required by the Theorem, A = A. Since ^* = AX* G 
L'^{M) the assumptions of the theorem are satisfied. We are thus given a B-free Brownian 
motion SI satisfying, if we denote by $ evolution according to this stationary SDK : $„(X*) = 
XI - I £ dv<!>,{^^ + SI 
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Thus we have in M a sub-algebra Ms = W*{B,Xl, ...,X^, {SI}). We also have M con- 
taining the solution Xt,t > s of our SDE, and a copy of Ms in it. We can thus consider the 
amalgamated free product ^ = M -kj^s 

Now we can compute in ^ : 



\^,_,[Xl)-Xl\\,<]^j^ ^ dv\\^,{0 



<^ii€-s:ii2 + - dv\\^,ies)-es\\2 + \\^i-^u.\\2 
<^iie-s:ib + o(t-.) 

Indeed, with our assumptions it suffices to note ||$^(^*) — ^*||2 < 2||^*||2||(0t, — ^'i)(C)ll2 — ^ 
with V. This concludes. □ 

The following result is an adaptation in free probability of (a special case of) lemma 4.2 
in [37], except that we have to use Ito Formula for the proof instead of Girsanov Theorem, 
not (yet) available in free probability. 

Theorem 25. Let assume given on [0,T] a process, bounded by R>1 in M on this interval, 
satisfying : 



Xl = Xl+f V,{s){X],...,X:)ds + Sl 
Jo 



where SI is a B-free Brownian motion (say of covariance H : B ^ Mn{B) H{b) = Diag{ri{b)) , 
T) : B ^ B T-symmetric \\t]{1)\\ < !)■ Moreover Vi{s) is assumed to be a B-valued non- 
commutative polynomial (of degree bounded on [0,T] byp), so that considering Xi^...Xi^^ we 
can speak of the coefficient of this variable in _B®ai9"-+i. We assume that those coefficients 
are with value in the corresponding projective tensor product (We say Vi{s) is C^). Also 
assume diVj{s) = adjVi{s) (a the flip, di ordinary free difference quotient relative to B, this 
is for instance the case when Vi{s) = DiV{s) with = madi the cyclic derivative) . 
Then X}^ ■■■,X^ have bounded conjugate variables with respect to B, rj, and 

C = lEw*iB,xi,...,x^) (^xi - + J^t tFvAt.xl ...,xr)^ - v,{s){xl ...,x;), 

where for a B-polynomial V (X = {X^, X^) ): 

Fv{t,X) = ^V{t,X) + J2idjV){t,X)WAt,X)+m{l®r]EB ® 1)(9, ® ld,){V){t, X). 

j 

Proof We have to prove that r((S'i, dP{Xl, ))b(x,>) = T{QPiXl, Xf )) for a B-non- 
commutative polynomial P, d is the B — rj-fiee difference quotient, recall Si is the formal 
variable in the bimodule where XI is sent. Let us write 6s the following (Malliavin) Derivation 
operator defined on B-non-commutative polynomials in X^'s (as usual one can assume them 
algebraically free without loss of generality). 

6s{P{Xll, X-)) = J2i9ij)iP)){Xl\, ...,Xl:){s A s,), 
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where d(j) is the 5 — ^^-frcc difference quotient in the j-th variable for P (sending Xl^j to Si-). 
Obviously, 6tP{Xl, ) = tdP{Xl, ) so that it suffices to show : 

T{{S„6sP{Xl...,X:))BiX.))-T{^,Ps) = 0, 

for = XI — Xq — Jq dt tFvi{t, Xj, Xf) — sVi{s){Xl, X"), and any non-commutative 
polynomial Pg = P{Xl, ...,X"). We will first prove using Ito formula a differential equation 
for the above differences. 

Applying Ito formula, one gets {dj the ordinary difference quotient ): 

= p{xl ...,xr) = p(XoS ...,Xo")+ 

J2 [ dsd,{P){Xl,...,X:)Wi{s,X,) + Y,rnol^riEB^m^ldi){P){Xl...,X:) 

+ fd{P){Xl,...,X^)ifdS,. 
Jo 

LetuswntePs = T.^^^{P){Xl...,X^)W^{s,X,)+J:^mol(^r]EBm{^m^^){P){Xl..^^ 

Thus, let us compute likewise : r{Pt{Xi - X^)) = dsT{PsVi{s, Xs) + /3.(Xi - X^) + 
{S,,d{P){Xl...,X^))Bix)). 

r{Ptm{t,Xt))= [ ds t{PsV,{s,Xs) + PssFvAs,Xl, ...,X:) + /3ssV^{s,Xs)) 
Jo 

+ [ dsT{{d{P*){Xl,...,X^),d{sVi{s,Xs)))B(x}). 
Jo 

Thus 

r(P,Sj)= fdsriP,Ei)+r{{S,,d{P){Xl,...,X:))Bix)-{d{P*)iXl,..^^ 
Jo 

We have to compare this with 

r{{Si,5tPiXl...,X:^))Bix.)) = fdsr{{S„dP{Xl,...,X^))Bix.))+ f dsr{{S„5J,)Bix.)) 

Jo Jo 

-J] f dsT{{S,,dj{P){Xl,...,X:)i^5lVj{s,X,))Bix.) - {Sj,dj{^^^ 

- / dsT{{d{P*){Xl...,X:),5sVi{s,X,))B(x.)) 
Jo 

We can note that the second line vanish by our assumption (and the diagonal form of the 
covariance), so that summing up we have obtained our "differential equation" : 

T{Pt'E^^)-T{{S,,5tP{Xl...,X^))B(x.)) = f ds T%K)-r{{S^,8s^5s)Bix.)). 

Jo 

Let us call M„ := nsup^gjo.T] Si = Cn where bi{s) are the coefficients of all V^(<s), 

as explained earlier the norm is the projective norm making those coefficients in s. Let 
p be the maximum degree of Vj{s). 
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Let M„ := M„ + 2n[^^Y = Dn. Finally, let 6 a time such that for all monomial P 

Let us show quickly that for P monomial of degree less than n = kp (with coefficient in 
projective norm less than 1 (for t > 6 since by definition the left hand side is before) : 



T{PtED-r{{S.,6tP{Xl...,X^))Bix.)) < ^^^i?('=+')^(C+Tp(fc+/))nM(fc+,), =: Ai{t,k), 

i=0 



/! 



where C = sup[o^T]\\'^t\ \ < We prove this by induction on /, initialization is obvious by 
boundedness of by i? > L 

To prove induction step, note that P.s{P) is a sum of (less than n times the number of 
coefficients of Vi) monomials of degree less than {k + l)p, plus at most np monomials of 
degree less than kp, plus again at most np monomials of degree less than {k — l)p etc up to 
degree 0. Since this list of coefficients comes from second derivatives of P, those of degree 
between {k — l)p and kp has coefficients bounded by 1, R, Rp~^ depending on the number 
of elements projected on B. At the end, using induction hypothesis one thus gets : 

r(PtSj) - r((5„ 6tP{Xl Xn)B(x.>) < [ dsAi{s, k + l)Mkp + V Ms, i)n?^^ < 

where we noted (before using our notations) 

1=1 ■ i=0 1=1 

(f - OY tl ^ f R{k+l)p _ 1 I?p(fc+2) f?pik+2) _ 1 \ 

< L_Lfl'. j|M„^.,^ (^(c + Tpi)^^^ + mk + 2)— - R-j^^^rrrr^) 

/ i't r>(k+l+l)p TT s> o 



_ -R^'^'^'^''llMik-,^),2^^{C + Tpl + Tp{{k + l)). 

1=1 

But now, Ai{t, k) < (DpR'(t-e)nk+i-iy. j^kp^^ ^ j,^^^ ^ ^ ^ ^^^^ ^ l))2''-\2DpRP{t - 

6)Y -^i^oo when t — 6 < l/2DpRP value independent of k, so that one easily deduces by 
induction one can take 6 = T. □ 

3.3. Transportation cost inequality. Let us recall the definition of free entropy with 
respect to a completely positive map rj : B ^ B as in |l2j| (with a corrected typo concerning 
normalization) : 

Tl 

+ -log(27re)r(r/(l)), 

where {S*!, S'„} is a B-free semicircular system of covariance H = Diag{ri), free with 
amalgamation over B with {Xi, ...,X„}. Let us also remind the Fisher information 
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^*{Yi, ...,Yn; B,ri) = J2i II6II2 where are the conjugate variables relative to B,ri of [12], 
already used earlier. With our notations (and again a corrected typo), Proposition 8.3 (a) 
of Hg becomes for = Ei^(^i^) : 

X-(X,,...,X„,B.,) < -Jf>>l„gi-^) < ^piog(2.e) + 

The second inequality above, coming from a usual concavity inequality of log is used to 
prove positivity of the right hand side of the next free Talagrand inequality: 

Theorem 26. // {Si, Sn) is a family of B- semicircular elements with covariance rj free 
with amalgamation over B, then for any non- commutative variables Yi, Yn, B (with a joint 
law with B as in the definition of the corresponding Wasserstein distance). 

dwm,...,Y,,),{Su...,Sn):B)< 

V2 (x*{Su ^„ : 5, r/) - x*{Yi, F„ : B,r^) - ^^^Mll + ^ ^ r{Y^2^) 
\ i=i 
Proof. It is well known that the following SDE as in Theorem [23 has a solution 

X,{t) = Y,-- / X,{.s)ds + Sl, 
^ Jo 

With SI a B-free semicircular family of covariance 77 free with amalgamation over B 
and moreover in law Xi{s) ~ e'^^'^Yi + vT^-"e~^5'j'. Since Xi{s) is continuous in ||.||2, 
we can apply theorem [2il to get (t > s): dw{{Xi{t), Xn{t)), {Xi{s), Xn{s)f < [t - 
sf/4I{Xi{s), X„(s))+o((t-s)2), the latter quantity /(Xi, X„) = <^>*{Xi, X„; B, r,)- 
2nr(?7(l)) + Yl!i=i'^{^i) = ~ ^dli being a variant of free Fisher information 

$*(Xi,...,X„;i?,r/). 

From now on, the proof follows the adaptation of the argument of Otto and Villani [27] 
by Biane and Voiculescu in the non-commutative one variable case, this inequality giving 
their inequality (4) in [6] (with a crucial improvement that we have no supu&(s,t) on the right, 
otherwise the unknown continuity of $* in multi- variable case would have been a problem). 
From now on we write X{t) = {Xi{t), ...,Xnit)) and S = {Si, Sn) 

As in their lemma 2.7, one deduces : 

limsup -|civi/(^(t + e), S) - dw{X(t), S)\ < \l{X{t)f'\ 
e-s>o+ e 2 

Let us write 

S(n, Yn) = {x*iSi, Sn ■.B,v)- X*iYi, ...,Yn:B,v)- ^iMili + i ^(y^2) j 

We already noticed :S(Yi, ...,F„) > 0. Using (an obvious variant) of Proposition 7.5 b of 
|47j for the right derivative of x* along a semicircular translation, one deduces again as in [0] 
, that the right derivative of S(Xi(t), ...,X„(t)) is —^I{Xi{t), ...,X„(t)). As a consequence, 

liminf i iMX(t + S) - (2m (t + _ ,„,(^(i). S) + (2E(XW))'/'^) 
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where the last inequahty comes from the logarithmic Sobolev like inequality of Proposition 
7.9 in [17] (which as an extension to amalgamated rj context since the proof only uses a free 
Stam inequality proven in [12] Proposition 4.5) : 

X (li, r„ : 5,?7) > log( 



2 ^'^*{Yu...,Yn:B,riy 
> ^^^^ log(27™e) - F„ : r^) - nr(r^(l))), 

from what follows(the inequality we used) S(X(t)) < |/(X(t)). 

Since moreover X{t) is continuous, so is dw{X{t), S) and likewise since so is S(X(t)) via 
7.5 b of [H], one deduces that dw{X{t), S) — (2E(X(t)))^/^ is non-decreasing. But the semi- 
continuity of X* in Proposition 7.4 of [17] (in our context one replaces in the proof proposition 
6.10 of [17] by proposition 4.7 in [12], see also [S],[2] for an interpretation as logarithmic- 
Sobolev inequality) implies limsup^^^ c/M/(^(t), 5) - (2E(X(t)))^/2 < -{2^{S)f''^ = 0, so 
that for any t > : dw{X{t), S) - (2S(X(t)))^/2 < 0. 

The continuity of T,{X{t)) at t = (via Proposition 7.5 of [47J) and continuity of X{t) 
normwise imply we can take the limit t — t- to get the result. 

□ 



Remark 27. One may be interested in proving an analogue of Theorem 2.2 in [TB] for x*. 
Of course, an approach following [B] would consider a SDE with as polynomial drift cyclic 
derivatives of the potential. For convex potentials as in [TB], solutions of those SDE have been 
proven to converge at infinity in [12] . Our previous section enables us to get local estimates 
on Wasserstein distance. At this time, the main lacking piece is an unknown change of 
variable for x* preventing us from computing the derivative of entropy along paths of the 
SDE. 

4. Weak solutions of various stationary SDKs 

Given A,S as in part 2 (M, r) given by theorem l20l We want to prove it satisfies a stochastic 
differential equation weakly (recall that, in probabilistic literature, solving strongly a SDE 
means the filtration in which we build the solution is the filtration of the Brownian motion, 
equivalently (in our context), the solution is in a free product of a Brownian motion von 
Neumann algebra and the initial condition von Neumann algebra, solving it weakly means 
the filtration where we build the process is of course adapted to the Brownian motion so 
that Ito integral makes sense but this may be a larger filtration than the Brownian one). 

We will need for this a general assumption. We consider B G M a von Neumann sub- 
algebra with A{B) = 0, 6{B) = 0. We assume the bimodule of value 7{ of 5 is given by 
a completely positive map r/ : i? — > Mm{B) in a standard way l-i = H{M;r] o Eb) (with 
the notation introduced in theorem [23] We write the generating set. Especially any 

derivation in the coarse correspondence [B = (D) satisfy this assumption) 

We also consider the usual extension of A : M ^ L^(M), (see e.g. [SU] section 1.4 
where it is called "ifs). 

Theorem 28. We keep the above assumption and assume moreover A = A and either (case 
1) G L'^{M) or (case 2) rj = Diagifj), fj : B ^ B, B with separable predual and the set 
of regular elements R = {Xi G D{A^) \ 6{Xi) G H{B' fl Af; 77 o Eb)} contain a countable 
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subset ^ such that the algebra generated by B and ^ is a core for 6, (this especially includes 
any derivation in the case B central if M has separable predual, e.g. any derivation valued 
in the coarse). 

There exists a W* -probability space (M, t) (containing M with agreeing traces in case 
(1)) such that there is in M a natural compatible filtration and an adapted B-free Brownian 
motion St with covariance rj. For any X G Mq fl D{A^): 



M will be produced as a GNS construction for a larger path space associated to another 
non-symmetric Dirichlet form (even to solve SDEs with symmetric A, thus motivating the 
earlier extra work in this context ). One could also derive from the SDEs the equations 
defining our states to show M contain M in case (2), we leave this to the reader. 

Remark 29. For instance, since it is easy to show a conjugate variable imply the free 
difference quotient closable as derivation, our theorem, always applies to free difference 
quotient with conjugate variable, and thus extend Theorem [23] to this case (but in case 
with a completely positive map, this extends only the diagonal map case and generally only 
the symmetric Dirichlet form case). 

Proof. First note that if M has separable predual and B central, R = D{A^) fl M, taking a 
countable dense set D in L'^{M) inside M, ^ = {rjnix) \x & D, n E IN} is a core for 6 with 
the right properties. 

Step 1 : Avoiding to assume G L'^{M) in case 2 . 

When we are assuming S*Si G L'^{M), one may replace in what follows M^^\ M by M and 
get a more direct result. This step is inspired from |13] (subsection 2.2, basically the case 



Let us call ^ = {Xi, ...,X„} (usually n countable). 

One may assume without changing properties of C that ||Xj|| < 1, ||(5(Xj)|p < oo, one 
may for instance replace X^ by Xj/(| | + 2*| |5(Xj) 1 1) since we only claim a property of the 
algebra generated by ^ and B. 

But here, let r] = Diag{fi) : B -> M„(5) (as before if n countable, M„(S) = B ® B{H) H 
Hilbert space of dimensio_nn) M =_^{M,r]oEB). Especially M = W*{B,Xi, ...,X„,^, 5^) 
We can replace "H by "H = H{M;ri o Eb). Since in this case, "H is a direct sum of 
Ti = H{M;fj o Eb) (say generated by S), the i-th component generated by Sj in our 
previous notations. We can call 5i (valued in %) the component of 5 on Sj. Let us 
call 5i : -B(Xi, X„, 5*1, S'n) — )• "H the derivation defined by 5i{B) = Si{Xj) = 
SiiS]) = 5i{Xj). We can also extend 5i via {5i(S]) = 0). Note that for any X e M n D{A}), 




Moreover, for any X G Mq : 




B = (D). 
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any P_e M D D{5i)(Sl, ...,^) r(Ai(X)P) = {5i{X), 5i{P)) (as in example 2.4 in using 
here Sj free with amalgamation with M over B) 

We claim that = Yi := ^ -^^ our previous assumption on 

Xi, where a is the isometric flip operator extended from cr(aH6) = (bSa) (isometry on 
H{B' n M; fj o Eb) come from fj r-symmetric, and Esiab) = Esiba) for any a G -B' fl M), 
aEb^Sj = aSjb is extended by linearity and isometry. Indeed, for Wj e B{Xi, . . . ,X„) and 
ii,...,in € {l,...,n}, let's write 6j{Xi) = J2k^k'^^k (-^^ sum, we use in the third line 
bellow , 6)f G B' commute with B) 

TiY*woSi,Wi ■ ■ ■ Wk-iSi^Wk) = X] X] t{V^ Sia'^WoSi^Wi ■ ■ ■ Wk-iSi^Wk) 

i s 

= XI 5Z -rib'f^viEBial^^woSi.wi ■ ■ ■Wp^i))wpSi^^, ■ ■ ■ Si^Wk) 

i, s p, ip=i 
i, s p, ip=i 

= (S, 6j{woSi^wi ■ ■ ■ Wk-iSi^^Wk)). 

But now if we consider M^^) = W*iB,Xi + ^ S^, ...,X„ + ^ 5^). For P E B{Xi + 
A/e 5*1, X^ + i/e 5*^). 6i{P) = -^Si{P) so that when we restrict 6i to B{Xi + y/e Si, X„ + 

y/e K), (let say we call it 5^^) we get 5f^*(H) = ^^^^{^(I'i) G L\M^'^). Note also that 

+ Sj) = Ej^^j(e){6*6i{Xj)) G L"^ (using the remark above on the adjoint of the 
extension 6i to M). 

We will still call 6 = ©^f ^ : L^{M^''>) H. We can also consider 6 = : L\M) ^ H 

as an extension. We will recall later a formula due to Voiculescu for adjoints of derivations, 
implying 6* is densely defined, e.g. on B{Xi, Si, X„, S'„)'^^, of course we have then 6*U = 
E]^2(^]^(e)^S*U, for U G D{6*) so that 6* is also densely defined as seen the previous domain. 6 
being a real closable densely defined derivation, we are thus (almost) in the previous context, 
especially A = S*S, are again defined. So that we have turned back to our assumption 
S*'Ei G L^(M*^^)). Let us emphasize the situation is not exactly the same since as a bimodule 
Ti is not produced by completion starting from M^'^\ what we call in two lines Ti^'^^ (this will 
thus not be clear what we could mean as evolution with time of the integrand in stochastic 
integral of the SDE, before projection on this sub-bimodule). We again warn the reader 
that, when we are assuming G L^(M) (case 1), we replace in what follows M^'^\ M by 
M and get a more direct result likewise in that case "H = T-L^^^ = "H. We don't write anything 
else (especially what follows includes of non- diagonal rj via case 1). 

Step 2 : Definition of a non-symmetric Dirichlet form 



Consider Mq = ^{M^'^\ rjo Eb), the M'-^^-semicircular valued system of [H], likewise Mq = 
$(M,?7 o Eb). Especially M^'^ = W*{M'^'\ Si..., Sm) and the completion of M^'^ O 
M(^)#^i + ... + M(^) ® M(^)#S'„ is isomorphic to a n^''^ = H{M^'^; t] o Eb) subspace of n. 
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Let us call as before the element of 1-i corresponding to Si. We call i-L^'^^ = H{Mlf ^; tioEb) 

the natural extension of 'H^''\ subspace of Ti = H{Mq; t] o Eb) the natural extension of T-L. 

We can extend 5 to a derivation on M^^ — )■ "H with 6{Si) = with the same value of 
Indeed, for a monomial P in SiS and several Xg E D{5) H M*^^^ (let say algebraically 
free and generating M^"^^ without loss of generality) a wick type formula enables to rewrite 
r(P5*Sj) as a trace in M of a product P' of X^'s with elements of B obtained with several 
applications of rj o Eb corresponding to non crossing pairings of Si^s. Since 6{b) = 0,b E B 

this is again rewritten as a sum in T-L of several {dxq:B{P')i^S{^q),'^i)n (<9 a free difference 
quotient). But now fixing the element Xg of application of 6 and summing all applications 
of 7] around, we have in fact obtained {{E-j^ ® Ejj){dxq:B{P))i^S{^q),'^i)n- -^y definition 
of H2 using r] o Eb = r] o Eb o Ejj, this is exactly ((9x,;_B(-P))#5(-^g), Summing over 

q this concludes. The details are left to the reader (in the case of diagonal r] this is really 
similar to what we did in step 1). 

We can consider d = (di, dm) a free difference quotient of Si (vanishing on M^^\ dj{Si) = 

li=jEi) valued in U^'^ C U as in theorem [221 Note it is well known that = Si. 

We also want to consider two derivations valued in L'^{Mq^), the first is defined via 
Si^S{Si) = 0, 5#5(x) = 5{x)#S, X e M(^) n D{5) which is well defined since aE,b 
aSib =: aEib^S extends to an isometry of "H*^"-' to L'^{Mq^). The second is defined on 
M(^)(5i,...,£y via d{m) = 0, m G M^^) , d{Si) = 6*Ei G L\M^''^). It has obviously an 
extension to M{Si, Sm)- 

Consider = (5 + d)*{6 + d) + d — 64^S + f3d*d, actually defined via the associated form 
%)(x,x) = ||5+9(x)||2+/3||a(x)||2+(a(a;)-5#5(x),x),foranyx e (M(^)nD(5))(^i, 

Let us recall we consider d,6 : L'^{Mq^) — )• "H as unbounded operators and want to 
compute their adjoints (on dense domains) First let us note that using d*Ei = S'j(and using 
d and 6 are real derivations with obvious * structure on their range (and using M-valued 
scalar products such as {aEjb,cEid)j^^ = b*r]ji{EB{a*c))d (obviously this can be extended 

on L^-sums) and e.g. {d{.*), E.)jj^{aEib) := J2j rnol ^rjjiO EB{dj{a))b) we deduce from an 
analogue of Proposition 4.6 in |17] that 



d*{aEib) = E^2^m(^)-j yaSib - "^m o I rjji o EB{dj{a))b + amo rjij o Eb ® l{dj{b))j 

= (9(.*),S.)^^(aS,6) + (S(.)*, 9(.))-^^(aH,6)) , Va, 6 G M(Si,...,^^) 

5*{aE,b) = [aCS*E,)b-{5{a*),E,b)^^ - (S,a*, 5(6))^J , Va, 6 G (M n Z}(5)))(^i, . 

= a{5*Ei)b - i^^^.(^W) {{Sia*), E,b)^^ - {E,a*, 5(fe))^J , Va, 6 G (M(^) n DCS))){S^, S^) 
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Thus, for any X, ye {M^'^ n D{5)){Si, Sm): 

{5#S{x),y) = {d*5ix) + + {^ir ,d{.))^^{5{x)),y) 

= {d*6{x) -6*d{x) +d{x),y) 
{S#S{x) - d{x), y) = {6{x), d{y)) - 6{y)), 

where we used an obvious co- associativity for d and S in the second hne. We have thus 
found the antisymmetric part of the form, this also immediately gives the domination via 
the symmetric form associated to d (B S clearly equivalent to the symmetric part (with a 
constant depending on Thus As any antisymmetric real derivation 6^S — d is a trace 
preserving derivation. 

As a consequence of Proposition 3.5 in [21] is a coercive closed form. The domain of 
the closure is clearly Z)(£^(^)) = D{S Q) d). Let us now check it is actually a Dirichlet form 
using Theorem 2.8 in pJJ (non-commutative adaptation of Proposition 4.7 in [21] and we will 
actually use the variant of Proposition 4.10, where the condition can be checked only on a 
core of the form). For this, consider a a Lipschitz increasing function in C°°(1R, [— e, 1 + e]) 
with (Peit) = t on [0, 1], ipe(t) = —e on (— oo, — 2e] and (pe(t) = 1 + e on [1 + 2e, oo). We state 
the result in the next : 

Lemma 30. For any self-adjoint u E {D{5) nM^'^^){Si, Sm) , any e > 0, then (pe{u) given 
by functional calculus is in D{S(^i3)) and 

liminf S(^j3){ip^{u),u — ip^(u)) > 0, 

liminf £{i3){u — (Pe{u), V^e(^)) > 0. 

As a consequence is a (non- symmetric) Dirichlet form for any P, we will write (pt, 4>t 
the corresponding sub-markovian semigroups. 

Proof. Since D{£(^p)) = D{6 (B d), the stability result follows from stability of the domain of 
a symmetric Dirichlet form by C^- functional calculus. Since (-0(5) fl M^''^){Si, Sm) is a 
core in D{S(^j3j) by definition, the second statement about the Dirichlet form follows from the 
first via Proposition 4.10 in [25 as we said. 

By sub-additivity of liminf, and since liminfe^.o(('5 + 9) © \fpdipe{u), {5 + d) ® \/Pd{u — 
^t{u))) > by the standard result for a symmetric Dirichlet form, it suffices to show : 
limg^o(^#'S' — dip^{u),u — (fieiu)) = 0. Of course, since 6 := 6^S — d is antisymmetric, the 
second case follows at once. We first need only u G D(£(^)). If one takes a sequence of polyno- 
mials Pn converging in norm to ip^ on the spectrum of u from 6{Pn{u)) — )■ 6{y:>e{u)) and the 
corresponding result for d one deduces (from the weak sector condition), that {6{Pn{u)),v) — )■ 
{6{(p^{u)),v) for any v G D{5 (B d). But 5(P„(u)) = L„ (8)_R„((9'(P„))(J(m)) since 5 is a deriva- 
tion on {D{5) n M^^^){Si, Sn) {d' the one variable difference quotient). But since P„ and 
ipe are Lu ® -R„((9'(P„))(f ) is clearly in D{6 (B d) and as before converges in this space to 
Lu ® Ru{d'{(pe))iv)- This implies as before {6{Pn{u)),v) — (L„ (g) Ru{d' {(pe))if6{u) , v) As a 
consequence we get (since we have identified the limit before) : 



%,(«)) = L„®P„(9(vp,))#5(m). 
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Now the expression we are interested in is equal to : 

{5lp,{u),u - ip,{u)) = {5{u), Lu ® i?„((9(v2,))#(n - ^Peiu))) 

The last line follows again after a check on polynomials and taking a limit. But now 
(j)'^{uy{u — ip^{u))^ < 4e^ l[-2e,o]u[i,i+2e]('^*) by functional calculus since is outside [— 2e, 1 + 
2e] and bounded by 1, {t — (Pe(t)Y is on [0, 1] and bellow or (t — 1)^ on negative 
and positive numbers respectively. From the above inequality, one deduces by Dominated 
convergence Theorem that {u — (p^{u))(f)[{u) converges to in L^. This concludes since for 
u e {D{6)nM^'^){Si,...,S^) we have 6{u) G L\ □ 

Let us remind the reader that {Si, Sm} and M^^^ (or M) are free with amalgama- 
tion over B as in example 3.3 (c) of [12] using Theorem 2.3 of [40j. Thus any element 
M^^\Si, Sm) can be written as sum of products of terms alternating in the two previous 
algebras and with zero conditional expectation onto B. Let us write with a slight abuse of 
notation (-D(A) fl M^'^'>){Si, Sm) for the subspace where terms coming from M*^*^^ in the 
above decomposition are in -D(A) (since -D(A) HM^^^ is not a subalgebra, only D{A^) flM*^^^ 
is, this is not a subalgebra too). 

Let us note incidentally that (almost) by definition, (-D(A) n M^''^){Si, Sm) is a core for 

Moreover it is contained in the domain of (and of it self-adjoint part). Here we use 
to show it is contained in /^(A^) not only D(A^) that on terms with the above alternating 
pattern Z = XiYiX2...,Xi G n L>(A), Yi G B{Si, Sm), EeiXi) = EsiYi) = we have 
MZ) = E Xi...Y,Ap{X,+i)...+Xi...Ap{Yi)X,+i...+Xi...T{X,, Y,)...+Xi...T{Y,, Y,)...+ 
+Xi...T{Yi, ...,Xj)... but no terms T{Xi, ...,Xj) = since those terms vanish by freeness 
with amalgamation, and since they were the only terms maybe in and not clearly in 
L^, we got our claim. Thus the supplementary assumption on domains is satisfied too 
D{Ap) n D{Ai3) n MMs a core for 6®d. 

We are thus in the situation of the previous part 2. 

Step 3 : Getting the B-Brownian motion 

We thus define Tjs on full path space above Mq^. Intuitively we will see those traces corre- 
spond to the equation we want to solve coupled respectively with 5*^ ^.^^ = S** — | SI (-^^(1 + 

/3) +2{6*'E:i)sds + SI + y/^Sl' with S'^ another S-free Brownian motion with same covariance 
5-free with the first and also adapted. Of course only SI = SI + \fPSl' will appear. The 
equation is nothing but an Orstein-Ulhenbeck equation with a changed drift, special case of 
the previous part. 

Of course we want to use Theorem [231 We have B C N = W*{Si, Sm), our derivation 
{S + d) Q) a/59 acts like a free difference quotient when restricted to A^. By definition Si G 
D{Ais) and A/siSi) = 26*Ei + Si{l + /3) G L\M^'^) by assumption. A{S,) = 6*Ei + Si{l + (3) 
and T{{Sif{A^{Si) - A{S,))) = T{{S^f{6*Ei)) = since {5*Ei) G ^^(M^^)) and we have a 
semicircular element (an even distribution). 
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We have thus checked all the assumptions and get SI f^^-^ = SI — Sq + ^ SI (.^^(1 + /3) + 
2(5*Sj)s(is is a i?-free Brownian motion (of covariance (1 + P)ri). 

We are now ready to send /3 to zero and define the von Neumann algebra where the 
solution will live (maybe after letting e goes to zero in case 2). We consider the C*-algebraic 
free product A of an algebraic path space over M^'^^ with a full C*-algebraic path space 
in formal variables SI (of norm less than say 4t||r7jj(l)|| at time t, i.e we take a universal 
free product of continuous functions of norm less than 4t||r7ji(l)|| product over all times and 
indices i, free product defined as above via an inductive limit of finitely many times free 
products). We have thus a positive linear functional corresponding to the previous 
when SI is given by 'S'^(^) (with the bound 4t||77jj(l)|| this is vahd for small /3's). We consider 

Tq*^^ a corresponding weak limit point in the trace state space of A. We define finally M*^*^^ 
the corresponding GNS construction of A with respect to Tq^'*. Again it contains M(^) as a 
von Neumann subalgebra, thus in case (1) it contains M. 

In order to prove that St is a S-free Brownian motion (of covariance 77) adapted to the 
induced filtration M^'^^ from the canonical one on Path space A, one can use again Paul 
Levy's theorem again. (1) is immediately true for the weak limit point, one can check that 
K we obtain in (2) can be taken independent of (3. In our proof there is no o{t — s) in (3) the 
left hand side converges easily with the weak limit, for the right hand side one checks the 
expression bellow Eb converges weakly in L'^{B) (this is a statement about a sequence of 
linear forms, B being invariant). Thus by Banach-Sachs Theorem a Cesaro mean converges 
strongly and writing two Eb-, everything under t\B a, Cesaro mean converges thus we have 
equality at the limit. 

Step 4 : Checking the SDEs (concluding in case 1) 

It only remains to check the stochastic equation since of course by construction all £(^p) agree 
with {5*5.., .) on Mq (note 5ij^S cancels the term coming from change of conjugate variable, 
that's why we put this term in Ap) Thus the state agrees with the previously built one, giving 

M(^) (built from M^'^) as a sub-algebra. For checking the SDE, we prove of course that the 
L^-norm of the /3 variant goes to zero. Take X e D{A^) fl M'-^\X' e D{A) fl M(')A(X') = 
Af^{X') = Ao{X') e M(^). 

We have first to check that every terms in the equation makes sense and we can apply the 
previous idea to prove the equation. First /J (A(X'))sC?s easily makes sense as an integral 

of a continuous function with value L^(M(^)). This is especially a limit of Riemann sums. 
Taking first X' = ria{X) and applying DCT (using ?7^A^(X) = Aria{X) as proven by duality 
tjI^ the extension of the resolvent rja = a/{a + A) to L^) to get pointwise convergence and 

domination), (A^(X))5(is make sense as a Bochner integral in L^(M(^)) and is the limit in 
L^mT^)) oi J^{Ar]^iX%ds. 

Recall that (as in |1]) jQ{E-^{e){5{X)))si^dSs is defined via an isometry between ^2 ^^^d 
L^(M(^)), where ^2 ^^e closure in L^{[0, 00), H{M^''\ tioEb)) of the corresponding adapted 
step functions (Indeed we deduce easily the isometry property for the stochastic integral from 
the definition of B-free Brownian motion). Of course we can take e„ G M^'^ ®„;gM(^)# ^1 + 
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... + M(') <S)aigM^^^i^Em converging to in U'^'l It thus suffices to prove s -)■ {Qn)s 

is in Again this follows from continuity of s — >■ {Qn)s in H{M^''\r] o Eb)) since for 
instance for t > s, ||(aSi6), - {aEib)t\\'' = 2\\{aEib)\\^ - 2^r{b*r)uEBia*(f)t-sia))(f)t-sib)). We 
also want to check J^{d{(f)t-siX))))s4fdSs is well defined in case 1 (thus no projection on 
"H*^^) necessary). Obviously we can restrict ffist to [0,t — e) 5{(f)t-siX)) is continuous with 
value y, and approximate it by a step function /, so it suffices to approximate (/(s))^ for 
the integrand of the stochastic integral, and this again is as in the constant case. 

Again everything applies at level (3 and we can check the various bounds are uniform in 
P for small p. Thus 

II - Xt+Xo - ^ j\A^{X%ds + j\E^,.){5{X))),4dSs,^p)\\l 

^ 1 1 - X, + Xo - ^ j\A{X'))Js + {5{X))),i^dSs I \l 

since we can express this in terms of scalar products replace uniformly in /3 the integrals via 
(corresponding) sums and get the remaining part by the convergence of states. We have a 
corresponding result for the second stochastic integral expression in case 1. We have also a 
corresponding statement for any scalar product of terms of the kind involved in the above 
sum. 

Since we proved Sg^^p) is a free Brownian motion, we can use stochastic calculus to com- 
pute : 

\\UXo)+ f\s<j)t-s{X,)).,i^dSs,ip)\\l = mXo)\\l+ f\\6(i)t.s{Xo))s\\l{l + ms 
Jo Jo 

= \\MXo)\\l + lj {A(f>t-siXo),(pt-siXo)) + {(f)t-siXo),A(l>t-siXo)){l + P)ds 

= mxo)\\i + {\\xo\\i-mxo)\\i){i+^^) 

Likewise, 

\\Xo-\ f AX'^ds\\l=\\Xo\\l + \ f ds [ du^{(l>s-uiAX'),AX')-2^{X'^-(j)t{X'^),Xo) 
^ Jo ^ Jo Jo 



{E^,.,{5x))s^dSs,(0)\\i = {i-rm\EH^^mx)w 

Since by stationarity H-^tHi = 1 1^1 1 i) it remains to estimate scalar products : 

(Xi,Xo) = (0i(Xo),Xo), 
(X„ ^ ^* AX'^ds) = ^ £ ds{^t-s{Xo),A{X',)) 
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<2 



5 / AX'.ds, [ (£«,., (iA:)),#c!S.(,+«> = i / ds / & B«,.,(i(X„))) 
^ Jo Jo ^ Jo Jo 

[ ds [ du {S<P,_u{AX;,),E^,.,{S{Xo)-S{Xo)))+ [ ds{{l - <P,){AX'o),Xo) 
^ Jo Jo Jo 



{Xt, /V(0t-.(^)).#(^4(i+/3)) = fds {5(Pt-s{Xo),5(Pt-s{Xo)) 
Jo Jo 

— ll^o||2 ~ ll^t(-'^o||2) 



(X„ r(E^(,)(<5X)),#rf5,(i+^))= fds (50i_,(Xo),E^(.)(<5(Xo))) 
Jo Jo 

= Tds (50t_,(Xo),£;^(.)(5(Xo))-5(Xo))+ fds {ct>t-s{X), A\Xo)) 
Jo Jo 

= fds {5(f)t-s{Xo),E-Hi.^{5{Xo)) - 5{Xo)) + 2{Xo - UXo),Xo), 
Jo 



Let us justify the first line of the three last formulas, in proving the following general 
result (for any X G L'^{M) (e.g. AX above with our special X of interest), any piecewise 
continuous function with value %: 



{Xt, [\F{s))s#dSsi,+^^) = fds (50i_,(Xo),F(5)). 
Jo Jo 



From the way we proved existence of the stochastic integrals, it suffices to replace F{s) 
by (ZEiT) (or a constant of that form times a characteristic function). By definition, the 
left hand side is a limit of Riemann sums with terms of the form 



T{{(pt-s-hXy,^f,{ZEiT),#{Ss+h,{fi) - Ss,{i3))) 



62 Y. DABROWSKI 



Since by translation invariance we have to consider terms of the form [Z'EiT)jj^[Sh,{p) 
^o,(/3))), Z,T e M^'\ we compute for Y e M^'^ : 



+ - / duT{{(t>h-u{Y*))u{Zo{AS\,^p^))u)T^)ds 



t(To0,(Fo*)^o^^o,(/j)) - 7^ / dh'T{(T,ct>h(Y*)Zo)MAS\,ip))) 



1 

+ 2 



duT{{cPh-uiy*MZo{AS\,^p)))u)T^)ds 

+ / ci«(5(0,_„(Fo)),C(^o)(5 + a)((/.,_„(5V(;3))C(^o)) 



2^0 



ciM / d^((5((/.;,_,(y*)),</.:(Zo)((5 + a)(</.„_,(A5o,(/3))))</':(To))ds 
Jo 

+ / dti(5(0,_„(yo)),0:(^o)(5+9)(0,_„(5o,(/3))0:(To)) 

Jo 

= / di.(5(0,_„(yo))>:(^o)9(5^,(^))0:(7L)) 

Jo 



In the first hne we used our definition of 5"* ^^-^ . In the second hne we used the definition 

of the state with 0t(y) G M*^^) so that this is in the kernel of d, and thus it remains only 
the written term form the carre du Champ term, we also prefer using AS'o,(/3). In the third 
line we use the differential equation for 0/j in the first term. In the fourth line, we noticed 
the first term in the third line was zero again by stability of M*^*^^ via (ph (note that if we 
managed this there is no stability by 0^). Then applying the formula for the state in the 
third term of the third line, we get a cancellation with the second term. The previous remark 
applies to the term with carrc du Champ. Finally, we use a Fubini Theorem and again the 
differential equation for to remove the integral in tt, it is easy to put a (5 + d)* to justify 
this using formulas above to see the right term is in the domain (at least of a corresponding 
L} valued adjoint, this may thus need proving an integral formula first with 5" replaced by 
Ga{S), details are left to the reader). We also simultaneously simphfy two canceling terms. 
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y^,'r{{(l)t-ih-hX)*f^+f^{ZEiT)ih^{Sih+h,(P) - Sih,{p))) = 

i 



f ds (5((/>,_,(yo)), (Kis) - id){Z,)d{Sl^p^)ct>l^,^{T,) + (^o)9(5^,(^))(0:(,) - id){T,)) 
Jo 

+ [ ds {5{(t)t-siYo)),ZoEiTo) 
Jo 

where u{s) is increasing linearly from zero on any new interval of integration of the step 
function we took. Taking a fixed mesh h for the partition, the first line easily goes to zero 
from continuity of 0*. This concludes our claim. 
To sum up, we got in taking X' — rja{X): 

\\-Xt + Xo-^ j\A{r)a{X)))Js + ^\5(X)),#d4,(^)||2 

= (1 + m\EnM (^(^)) IT- ^ 1 1^(^) \?-^ f ds f du {6<Ps-u{Ava{X)), {S{Xo)) - 6{X)) 

Jo Jo 

-23f? fds {6(j)t-siX),E^,46{X))-6{X)) + ^ T - 0,)(AiX), r/„(X) - X) 

Jo Jo 
- m{5{ri^{X) - X), 6{X)) + 23fJ((l - 7y„(X) - X) 



\\-xt+ (Pt-siXo) + / {6{(i>t^s{x)))si^dSs,ip)\\i = mxoWi - mxom) ^/^^o o. 

Jo 

In case 1, this gives : 

\\-Xt + Xo-l [\A{rja{X)))sds+ !\5{X)),i^dSs\\l 
^ Jo Jo 

<4|MX)-X||2||X||2 + 3t|MAV2(x))-AV2(x)||2||AV2(x)||2. 

This especially shows j^{A{rja{X))) sds is bounded in a in thus up to extraction converges 

weakly (necessarily to its limit j^{A^{X))sds which is thus in and we get by a standard 
result : 



I2 



\\-Xt + X^- \ f iA\X))Js+ I {5{X))s#dSs 
^ Jo Jo 

<liminf4||r/«(X)-X||2||X||2 + 3t||r;„(Ai/2^X))-Ai/2^X)||2||Ai/2(x)||2 = 0. 

a— >-oo 

(recall -D(A^) C D{b}l'^) by definition.) This concludes case 1. 

For the end of the proof in case 2, let us note several results we proved at level e (after 
taking /3 ^ as above), for any X e -D(A^), F e M : 

t( [x^ -Xo + ^J^ ds{A7ja{X)),^ Yo) = {MX) -X,Y- 7j^{Y)) 
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Since we checked a norm convergence in of the integral above, we get: 

t( (Xt -Xo + ^J^ ds{A\X))s^ Yo) = 0. 
Likewise, for X,Y e D{S): 

Jo 

rtAT 

= / ds{5<f>t-s{X*), (5(P)) - 5{P)) + 2{t{{X\P,^t) - r{{X),P)) 
Jo 

Finally, it is not hard to show by the same limits for any X,Y ^ D{A^) t{A^{X)sYo) — 
TiXsA\Y)o). 

Step 5 : Conclusion in case 2 

We defined M^^^ the corresponding GNS construction of A with respect to r^^\ It con- 
tains M(^) as a von Neumann subalgebra, thus in case (1) it contains M. Instead of 
taking a weak limit point for e going to zero, we need a universal C*-algebra C where 
M^^^ is replaced by a universal free product over B in variables Xi,...,Xn (free prod- 
uct defined as above via an inductive limit of finitely many times free products). We 
again call fjf'' the corresponding state on C. Moreover we consider the subset of tracial 
states ^^(C) such that for any non-commutative polynomial over B, say P, the map 
ti, ...,tn,t[, ...,t'g I— 7> t{P{XII, X^^, S^^ , Sp)) is continuous on products of each [0,T] 

(recall XI, Si are the canonical generators in C), with the topology of uniform convergence 
on compacts for those functions (this topology is obviously metrizable and finer than the 
weak-* topology induced by C but we won't use this second fact). Of course t^^ e ^'^{C) 
since T{\Xl-Xi\^) < 2|5?r(X2 -Xi04_,(Xi))| < 2\\X.i\\2{t- sf'^\\5{Xi)\\2 (recall we defined 
it in such a way ||(5(Xj)||2 is independent of e. Likewise, t{\SI — 5**^) < 2{t — s)||r7(l)|| 
since we proved SI is a B-free Brownian motion of covariance fj. The continuity for all 
non-commutative polynomials follows using Cauchy-Schwarz (even an equicontinuity) . Ac- 
tually f(S'^ e ^2||Xi||2(t-.)i/2||5(Xi)||2,2(t-.)||7?(i)|| set satisfying the previous inequalities, which is 
a compact subset of ^'^{C) by a variant of Arzela-Ascoli theorem (we use B has separable 
prcdual to replace continuity on B-non-commutative polynomials by countably many B-non- 
commutative monomials). We can now consider a weak limit point tq (up to extraction we 
will consider a weak limit from now on). As before Sg gives a B-free Brownian motion of 
covariance 77 at the limit. Of course the new state is again translation invariant for variables 
X\, ...-iXn and at each time we know the state as being our original state on M since the 
state we took on M*^^) converges to this one. We define finally M the corresponding GNS 
construction of C with respect to f-Q. 

Again, we have to show several integrals make sense. For a B-non-commutative polynomial 
P e Mo = M in Xq,...,Xq, as before J^{P)sds makes sense as a Riemann integral of 
continuous functions with value or (we use fo G ^"^(C) to prove continuity). By a 
dominated convergence theorem for Bochner integral with value L^{M) or L'^{M), for any 
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X e D{A^) DM or X e D{A) D M respectively, J^{A\X))sds also make sense and is a 
limit of previously considered integrals for P converging to A^{X). 

Likewise for stochastic integrals with P^'E.i P a non-commutative polynomial, and thus 
J^S{X)s^dSs or f^S{(pt-s{X))s^dSs make sense. 

Let us remind the reader we considered in step 1, an extension 6i on M of our original 
derivation with the same value on non-commutative polynomials than the one we ended up 
considering on M^"^^ (we called 6^/^^ before removing extra indices) and of course those non- 
commutative polynomials are corresponding cores for those variants, thus when considered 
from L^(M) or L'^{M^^^) to H the adjoints (in both case known to be densely defined) satisfy, 
if [/ e D{5*), then U e D{6l'^*) and 5f^*(f/) = E^(.)(5*(f/). _ 

At the e level (after taking a limit /3 ^ 0), if we consider U e "H, P a non-commutative 
polynomial in Xj + ^/eSi^. 

E^\r{PtEMi^A6*{UM = \E^r{MPmm = I E.(^f Vt(P*), < Vt\\P\\2\\U\\- 

Now, taking approximations by polynomials of S*{U), one can check we have necessarily 
the corresponding result at the limit : |T(Pt5.*(f/i)))| < |P| I2I |f/| | and this extends 
beyond non-commutative polynomials by continuity so that for any Y & M Ej^^at{Y) G D{S) 
(we call at the corresponding dilation endomorphism as before). 

Starting again at level e, as we noticed earlier, for any non-commutative polynomials P, Q 
we have r{{A\P))tQo) = r{PtiA^{Q)o)). Again, even though in A\P), A\Q) are easily 
computed when monomials, for instance P = Xi^...Xi^, A^{P) = Xi-^^...A^[Xij)...Xi^ + 
Xjj..r(Xj^. , XjJ...Xjp, if one replaces A^{Xi.) and S{Xj) by polynomials Si, and Sj 
{\\Sj\\ < ||5(Xj)||, this gives a polynomial R{Xi, Si, Sj). Now at epsilon level, doing the same 
computation letting X,^ = Xi + ^Sl, one gets A\P{X^)) = Y.. X^^...Ej^^.){A\Xi^))...Xl + 

Reminding \\Xi\\ <1, R— 1 -|- 2||77(1)||, for e < 1, one gets 



\A\P{Xt))-R{X^,S,{X^),S'^{X^))\U< 

pRP-' max iWA'iX^) - 5.(X)||i + ||E^(45,(X)) - 5,(X^)|K) 

+ pip - 1)RP-^ (2 max(||(5(Xi)||) + max(||(5(X,) - Si{X)\\ + \\Si{X) - SliX')\\)) 



X I max(||(5(X,) - Sl{X)\\ + \\SliX) - Sl{X^ 



and one can bound \ \EMi,){S,{X)) - Si{X')\\2 < 2\\Si{X) - Si{X')\\2. 
Thus approximating by fixed polynomials and letting e — )■ and then varying approxi- 
mating polynomials, one gets T{{A^{P))tQo) — r(Pt(A^((5)o)) at the limit. 
Also, from the end of step 4, we have at epsilon level: 



T{{P)tQo) = r{{P)oQo) dsT{{AP)sQo), 
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giving the same result at the hmit, and with the previous results for any Y E M 
r(YtQo) = t{YoQo) -\ j'^ dsT{YsAQ^) 

= r(yoQo) -\f^ ds{5E^a,iY*), 5iQ))), 

and this extends from Q polynomial to any element of D{6) by a core property, thus 
especially for Q e D{A). Now Taking as usual a Laplace transform one gets (using we have 
the same equation for the semigroup (pt on M) 

dte-''riiE^a,iY) - 0,(y))(A + A/2)Q) = 0, 

since this applies for any Q G D{A) especially one can replace Q by (A + A/2) ^{Q) and 
get E^^^^agiY) = (f)s(X) after taking an inverse Laplace transform. 

To prove as we want our second SDE, it remains to compute as{Y) — Ej^^as{Y). 

Prom the result at the end of step 4, it is easy to deduce as before (for Y e M, Z e D{5) 
after extension by continuity): 



r{at{Y) I {5{Z)),i^dSs) = 2{T{YtAt^T) - t{Y^Z)) 

= 2(r(0,_,^T(l^)^)-r(0i(y)Z)) 

With this equation and T{YtZs) = T{4>t-s{Y)Z) we have all the tools to compute as in 
step 4. 

Let us compute 

t{ {S{<f>,^s{Y)))s#dSt / {S{Z)),4dSt) ^ / ds{S{<f>t-s{Y*)),S{Z)) 
Jo Jo Jo 

= / ds T{cf>t-s{Y)AZ) = 2{T{cPt-tAT{Y)Z) - T{cf>t{Y)Z)) 

Jo 

^T{at{Y) [ {5{Z))s#dSs) 



(we already checked the stochastic integral was well defined) . Extending this to step functions 
(of 5{(t)t-s{Z))) and taking limits in the definition of stochastic integrals one deduces : 

T{at{Y) r {5{(t>t-s{Z)))s4dSs)^T{ l\5{(t>t-s{Y)))s4dSt f {5{(t>t-s{Z)))s4dSs), 
Jo Jo Jo 

from which one deduces by immediate computation (taking Y = Z & M): 



\at{Y) - UY) - f {5{<t^t-s{Y)))s4dSt\\l = 0. 

^0 



We thus got the SDE we wanted to prove. Having obtained a scalar product for atiY) 
with stochastic integrals for general Y we can also compute as in step 4 to get the SDE for 
X e -D(A^) (all terms with e or ^ being taken at value 0). 
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\\-Xt + Xo- \ ! (A(r7„(X))),rfs + / {5{X))si^dSs,iP)\\l 
^ Jo Jo 

= 3ft f ds{{l - 03)(AiX),r7,(X) -X) 
Jo 

- m{5{ii^{X) - X), 5{X)) + 23ft((l - </>,)(X), r7,(X) - X) 
The end is a copy of the end in case 1. 

□ 

By the definition of stochastic integral, we have an isometry of L^(Mo)©-^ad([0' °^)' H{M, rjo 
Eb)) into L'^{M), but since every generator of M described above can be written by stochas- 
tic integrals, using Ito formula, we get that the above space is actually dense in the whole 
L^(M), as a consequence we deduce : 

Proposition 31. (All identifications as Mq — Mq bimodules, recall Mq = M) For M given by 
the previous theorem L'^{M) = L'^{Mo) © ^L([0, oo), H{M, t] o Eb)M®b M)) thus L'^{M) Q 
L2(Mo) C L\[0,oo),H{M,r]oEB)) ~ {H{M,r]oEB))^e\lN) (usmg separability of L'^{M)). 
For instance when rj = Eb,B amenable, the above orthogonal is weakly embeddable in the 
coarse, when B = (U, included in a countable direct sum of coarse correspondences. 

By definition, recall at is our notation for our dilation of (pt i-e (f)t{x) = EM{<yt{x))- Let us 
note a general transversality lemma (this could also been deduce from Popa's transversality 
lemma in [36] in using the automorphism variant of Theorem [20] with the symmetry we 
proved translated into a symmetry with respect to t/ — t, we prefer giving an elementary 
direct proof in our context, since dilating a semigroup makes the deduction "easier"): 

Proposition 32. For any dilation at (by homomorphims) of a (necessarily contractive since 
completely positive) symmetric semigroup (pt, i.e. EM{oit{,x)) = (pt{x), we have a transversal- 
ity relation ||Q!2t(a:) — a;||2 = 2||Q;t(x) — EM{<yt{x))\\2- Moreover we have an equiconvergence 
relation 2\\x — 4>2t{x)\\2 < \\a2t{x) — x\\l < 4||x||2||a; — 0t(x)||2. 

Proof First note that \ \at{x) - EmMxMI = \ \at{x)\\l-\\EM{at{x))\\l = 

by Pythagoras' Theorem. But also ||a; — 02t(a;)||2 = ll^lli + Il02t(a;)||2 — 2||0t(a;)||2 < ||a;||2 ~ 

||0t(a;)||2 by symmetry and contractivity (with semigroup property for the inequality). 

Likewise ||a2i(a;) - x\\l = 2\\x\\l - 2||0t(a;)||2 > 2||x - (f)2t{x)\\l, and ||x||2 - ||0t(a;)||i = 
{x - (j)t{x),x) + {(f)t{x),x - (f)t{x)) < 2||x||2||x - 4>t{x)\\2 □ 

5. Deformations for Popa's Deformation/Rigidity techniques 

5.1. Properties of stochastic deformations. We emphasize properties useful for defor- 
mation rigidity techniques in the next result (see also the general proposition [32]) . 

Let us fix notations before. We call "H the space of value of our derivation 6. Let ((Hs, ^</,J 
be the pointed correspondence associated to the completely positive map 0s . One can get in 
a standard way a measurable field of Hilbert spaces over 1R_|_ in that way (assuming M with 
separable predual) . Likewise for l-is ®mH ®m'Hs ■ 

Let "H^^ = ^0^®'H®^(^^ C 'Hs®mH®m'Hs be the (constant) sub-Hilbert field corresponding 
to V,. On the direct integral Hilbert space j-^ 'Hs®M'^®M'Hsd\ (with respect to Lebesgue 
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measure). We have an M — M bimodule structure (acting by diagonal operators). We can 
define Hoo the sub-bimodule generated by L'^(JR+,'H) ~ Ti^^dX. 

Theorem 33. Let (pt a symmetric Markov semigroup associated to a symmetric Dirichlet 
form A = 5*5 with derivation 5 : L'^{M) — >■ "H. Then the tracial state t of theorem\2^ giving 

by GNS- construction a von Neumann algebra M C M , gives rise to a symmetric dilation 
at : M ^ M of (pt (induced from ai(Xo) = Xt on Path space). Moreover {at — (f)t){M) C 
T-Loo C L'^{M) L'^{M), where T-Loo is isomorphic to sub-bimodule of the Hilbert bimodule 
previously introduced Tioo- More precisely, at—4>t{x) is sent to l[o,t]5(0t-s(x)) in the canonical 
L'^{IR^,'H) generating Hoo, and all those images generate 'Hoo- 

Proof. The only new result is about the range bimodule. From the definition of the state we 
see that (for say t > s): 

{X{at){Y)Z,U{as){V)W) = {X<j)t{Y)Z, UMV)W) 

+ f du T{5{ct>t.u{Y*))ct>u{X*U)5{ct>,.^{V))ct>^{WZ*)), 
Jo 

thus 

{X{at-(f)t){Y)Z,U{as-(f)s){V)W) = ! du {<j)u{XU*)5{<Pt-u{Y)),5{<j)s-u{V))(t>u{W Z*)) . 

Jo 

We see that we can identify X{at — (t>t)(Y)Z to n t-)- lueio,t]X^^^ (g) 5(f)t-u(Y) (g) ^^^Z in 
Tioc, which proves the result. □ 

5.2. Deformation/rigidity reminder and applications. In [Ml 135] . Popa introduced a 
powerful tool to prove the unitary conjugacy of two von Neumann subalgebras of a tracial 
von Neumann algebra (M, r). li A,B C (M, r) are (possibly non-unital) von Neumann 
subalgebras, denote by 1a (resp. 1^) the unit of A (resp. B). 

Theorem 34 (Popa, (SUES]). Let (M, r) be a finite von Neumann algebra. Let A, B G M 
be possibly non-unital von Neumann subalgebras. The following are equivalent: 

(1) There exist n > 1, a possibly non-unital *-homomorphism ip : A — )■ M„((r) B and 
a non-zero partial isometry v G Mi^,„((r) IaMIb such that xv = vip{x), for any 

X e A. 

(2) The bimodule aL'^{1aM1b)b contains a non-zero sub-bimodule aHb which is finitely 
generated as a right B-module. 

(3) There is no sequence of unitaries (uk) in A such that 

lim ||EB(a*Mfc6)||2 = 0,Va,6 G UMls. 

If one of the previous equivalent conditions is satisfied, we shall say that A embeds into 
B inside M and denote A :<m B. When M is a JJi factor and A, B G M are Cartan 
subalgebras, then A ■<m B if and only if there exists a unitary u G U{M) such that A = 
uBu*, see [35] Theorem A.l (see also [36], Theorem C.3). 

We will use this notion in conjunction with a variant of a lemma of Jesse Peterson (theorem 
2.5 in [32]). Our proof gives a special case of this result when we can prove existence of 
dilations of the above type. Recall the following : 
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Definition 35. Let be a finite von Neumann B,AcN von Neumann subalgebras and 
"H an A^-A^ Hilbert bimodule. "H is said to be compact relative to B C N as an A — A 
bimodule if given any sequence x„ G {A)i sucli tliat \\EB{yXnz)\\2 0, for all y,z E N 
then {xniUnii) 0, for any sequence ?/„ G {A)i and ^ G "H. 

The standard example, as explained in [32] example 2.3, is a multiple of L'^{N) ®b L'^{N) 
(here we can take A = N). 

Theorem 36. Let N be a finite von Neumann algebra, B, A G N G M von Neumann 
subalgebras, assume T-L C L'^{M) L'^{N) is an Hilbert N-N bimodule which is compact 
relative to B G N as an A — A bimodule and assume given a family of *-homomorphism 
at : N ^ M dilating a symmetric semigroup (pt on N and with Range{at — (t)t) gH. If A 
does not embed into B inside N, and the associated deformation at converges uniformly in 
II ■ II 2 to the identity on {A)i then at converges uniformly m || ■ ||2 to the identity on the unit 
ball of the von Neumann algebra generated by its normalizer (A/Ar(A)")i- 

Proof. It is well known that uniform convergence on the unit ball is equivalent to uniform 
convergence on unitaries in our context. Let 1 > e > 0, get by the assumption and lemma [32] 

1 /2 

a to > such that Wt < to, x E Bi y G Ni we have ||Q;t(x) — x||2 < e/8, and ||0t(x) — x||2 < 
e/8. Since A -^jy B, there exists a m„ sequence of unitaries in A such that ||£'b(xm„?/)||2 — )• 
for any x,y E N and thus since we assumed "H compact relative to 5 C as an A — 
A bimodule, for any ^ E % like ^ = (ptiv) — atiy), if f G Mn^A) so that vUnV* G A, 
{un^vUnV* , ^) — )■ 0. Heuce we have, using the relations 

Un{at{v))v*ulv - at{v) = (m„ - at{un))at{v)v*ulv + at{unv){v*ulv - at{v*u\v)) 

Un[<\)t{v))v*U;^V - (ptiv) = (UnMv) " (t)t{UnV))v* U^V + {(f)t{UnV)v*ulv - 0i(u„W*<w)) 

and using also a standard bound on completely positive maps (e.g. Corollary 1.1.2 in [32] 

1 /2 

WMuv) - (pt{u)v\\2 < 3||0t(t;) - v\y ), we get : 

V2\\(t>t{v) - at{v)\\2 = lim ||u„(0t(t;) - at{v))v*ulv - {(f)t{v) - at{v))\\2 

< sup(3||0i(M„) - M„||2^^ + 3\\(j)t{v*ulv) - f *<f lla^^ + \\at{un) - M„||2 + \\at{v*ulv) - f*<f II2) 

n 

< £, 

Using now the transversality part of lemma 15^ this is nothing but \\v — a2t{v)\\2 < e. A 
standard argument concludes. □ 

Let r be a discrete group which acts on a finite von Neumann algebra (with separable 
predual) B by preserving a distinguished trace r , let M = i? x F be the crossed product 
construction and suppose that vr : F — )■ ^ (/C) is a Cq representation. Then the associated 
M-M bimodule given by H.,^ = K.^L'^M with actions satisfying 

for each ^ E K.,r] E L^M, 71,72 G F,6i,62 G B. Note (as in example 2.4 of [32]) Ti.,, is 
compact relative to i? C M as an M-M bimodule. Let 6 : F — )■ /C be a cocycle (6(7172) = 
6(71) + vr(7i)6(72) for all 71,72 G F) then the derivation 6b from BT C 5 x F into the 
{B X F)-(_B X F) bimodule T-L^ which satisfies 6b{xu-y) = 6(7) xu^ for all 7 G F, x G i? is a 
closable real derivation. 



70 Y. DABROWSKI 

The next theorem can be viewed as a variant of Theorems 4.9 in ^28j, A in [2S] and 
(especially close to) 3.5 in [T7] . 

As usual, as always in this part, Lim denote a state on for / a directed set, which 

extends ordinary limit. 

Theorem 37. Let M = B y\T as above, M G M von Neumann subalgebras, assume /C is 
a non-amenable representation, Hoo C L'^{M) L'^{M) produced as in Theorem l33 from T-i 
coming from /C as above. Take P G M is a regular weakly compact subalgebra. Assume given 
a family of *-homomorphism at : M ^ M dilating a symmetric || • \\2-str0ngly continuous 
semigroup (pt on M and with Range{at — (pt) C Tioo in the way of Theorem\3B. Also assume 
at is symmetric (at least so that T{at{X)Yat{Z)T) = T{Xat{Y)Zat{T)). Then at (or (pt) 
converges uniformly in \\ ■ II2 to the identity on (P)i. 

Proof. Assume for contradiction at does not converge uniformly in || ■ II2 to the identity on 
(^)i- 

Since by assumption P is weakly compact inside M, there exists a net (?7„) of vectors in 
L'^{P^P)+ such that 

(1) lim„ \\rin - iy ®v)rin\\2 = 0, Vf G U{P); 

(2) lim„ \\rin - Ad(M ® u)rin\\2 = 0, Vm G Mm^P)] 

(3) ((a® 1)77„,?7„) =r(a) = (r;^, (1 (g) a)?7„), Va G M,Vn. 

We consider ?7„ G L^(M®M)+, and note that {J ®J)rjn = rjn, where J denotes the canonical 
anti- unitary on L'^{M). We shall simply denote Mm{P) by Q. 
Since any self-adjoint element x G (P)i can be written 

^ = ^\\^\\oo{u + U*) 

where u G 1^{P), it follows that (at) does not converge uniformly onU{P) either. Combining 
this with lemma l32| we get that there exist < c < 1, a sequence of positive reals (tfc) and a 
sequence of unitaries {uk) in IA{P) such that \miktk = and \\at^{uk) — {Em °(ytk){uk)\\2 > c, 
Wk G IN. Since || 2 = 1, by Pythagoras's theorem, we obtain 

(5) \\{Em o at,){uk)\\2 < VT^yk G IN. 

Set 6 = 

Define for any n and any k > ko, 

rt = {at,®l){r]n)eL\M)®L\M) 

= {cMat, ® l){Vn) e L\M)^L\M) 
Cn = {eijat,®l){iin)e{L\M)QL\M))®L\M). 

We observe that by symmetry for all x G M 
(6) 

\\{{at^{x)-x)®l)ri^Jl = \\{{at^{x)-x)^l)r]„Wl = ^iEM{{at^{x)-xy{at^{x)-x))) = \\at^{x)-x\\l 
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As in the proof of Theorem 4.9 in |28j, noticing that L^(M)®L^(M) is an M(8)M- module 
and since = + Cn^ equation gives that for any u & Q, and for any k > ko, 

Lim II [u (g) u, Cn] II 2 < Lim || [u (g) u, r]^] y 

n n 

(7) < Lim \\{at, ^ l)i[u ^ u,r]r,])\\2 + 2\\u - at,iu)\\2 

n 

= 2||M-atfeH||2. 

Moreover, for any x E M, 

\\{x(^l)Ch = \\{x(»l){ei,^l)r]% 

(8) =\\iei,®l)ix®l)v% 

< ||(x® l)r7^||2 = ||x||2. 

Claim : For any k > ko, 

(9) Lim||Cl|2><5. 



Proof of Claim We prove the claim by contradiction. Exactly as in the proof of Theorem 
4.9 in [28j, we have 

Lim \\r]^ - (eMat^K) ® Uk)Ch < Lim ||(eM ® l)Vn - (eMat^iuk) ® Uk)v% + 2Lim ||C^||2 

<Lim||(at^ (g) l){r]n - (uk (S) Uk)Vn)\\2 + 25 = 26. 

n 

Thus, we would get 

\\{Em o atj{uk)\\2 = Um\\{{EM o atj{uk) ®Mfc)?7^||2 

n 

> Lim IKcAf ® 1){{Em o atjiuk) ® Uk)ri% 

n 

= Lim \\{eMatk{uk) ® Uk)^nh 

n 

>Um\\r]%-26 



= 1-26 > Vl - c2, 

which is a contradiction according to ([5]). □ 

We now use the techniques of the proof of Theorem A in [21]. Define a state (p'' on 
L°°([0, oo), B{n) n p(M°P)'), where p(M°P) is the right M-action on "H, by 



(p'^ix) = Lim — ^ / ((a;^ (g) 1)50*^-5 ® l(r7n), f^^t^-s ® l(r?n)), 
" IICnL Jo 

Since by assumption and theorem [33| ||afj. — (a^)||2 = jl'' {^'t'tk~s{x),6(j)t^-s{x)), we 

indeed get one on x = id. 



■k 



Claim : Let a G F. Then one has 



Lim \ ip {ax — xa)\ = 

k 
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uniformly for x G B('H)np(M°P)' (seen as constant functions in L°°([0, oo), B('H)np(M°P)')) 
with llxlloo < 1- 



Lim||^:^||x||oo ( / ® ® l(r7„)(05(M) (8)m)* - (g) l(r7„) 



Proof of Claim For every x G (B{'H) H p{M°^)') + and denote the bounded function 

(psiu), one has 

ip\<P{uyx<P{u)) > Lim— ^ 

" \\Sn\\2 

tk 

ds{{x (g) l){(f)s{u) (g) u)6(t)t-s (g) l(?7„)(</),(n) (g) m)*, {(f>s{u) (g) u)5</)f_s ® l(?7„)(</),(n) (g) n)*) 

so that, 
V9'^(0(u)*x0(u)) > ip''{x)- 
2 

|2 

Now, note 

\\{(j)s{u) ® ® l{r]n){(t)s{u) ® U)* - 6(j)t^s ® HVn)\\l < 2||50t-s » l(^n)||2 

and thus, using again the exphcit structure of theorem |33] (and ([7]) for the last inequality) 

ds\\{(f>s{u) (g)M)(50t_s (g) l(r7„)(0s(M) (g)M)* - (g) l(r7„)||2 

<2||Cl|^-23i((«®t.)C^tx®txr,a 
= ||(n®n)C(«®^r-Cll^ 
< 4||w -«,,(«) 1 12 

so that with ([9]) and using lemma 3.6 in [29], we finally get (for any x G 6(7/) fl p(M°P)') 

g 

\ip''{(f){u)*x(f){u)) - (^'=(a;)| < ^||a;||oo||M - atk{u)\\2 

Since taking x = id gives Lim^ |(y9'^(0(M)*0(M) — 1)| = 0, this implies that 
(10) Um\ip^{(l){a)x-X(l){a))\=0, 

k 

for each a G span Q and uniformly for x G B('H) H p{M°^y with ||x||oo < 1- However, for 
any a & M (using again the explicit structure of theorem 133) and complete positivity of 0s, 
and then again ([8]) and ([9])), 

|^^(x0(a))| < Lim-^||a;|U|||(a®l)Cl| 



iieii2 
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and likewise for |(y9^(0(a)x)|. An application of Kaplansky's density theorem proves [TU] for 
a G M. Since for any u G QT (set of finite linear combination with coefficients in Q), 
suPsg[o,tj.] — mII — i- 0, we get a bit more than the result. □ 

Thus if we define a state ip by '^{x) = Lirmp'^^x), is a F-central state on B(/C) C 
3(7/) n p{M°^y . This gives a contradiction with being a non-amenable representation 

□ 

We can deduce from this several results: 

Corollary 38. Let M = B y\ T as above, M G M von Neumann suhalgehras, assume 
K, is an non-amenable representation, "Hoo C L'^{M) L'^{M) produced as in Theorem l33 
from "H coming from JC as above. Take P G M is a regular weakly compact subalgebra. 
Assume H is a Hilbert M-M bimodule which is compact relative to B G M as an P — P 
bimodule. Assume given a family of *-homomorphism at : M ^ M dilating a symmetric 
II ■ \\2-strongly continuous semigroup (pt on M not converging uniformly on (M)i and with 
{at — (t)t){M) G "Hoo in the way of Theorem Also assume at is symmetric (at least so 
that T{at{X)Yat{Z)T) = T{Xat(Y)Zat{T)) . Then P B 

Proof. From the previous results, the only remark necessary to get the corollary is to see 
that T-Loo satisfy the same compactness property as and this is the remark after example 
2.4 in [32j since 0^ is B-bimodular. 

□ 

Corollary 39. Let M = B >i T as above with T a countable discrete group with I3[^\t) > 
and such that M has cm. a. p.. Then any amenable regular subalgebra P :<m B. Especially 

(2) 

L(r) has no Cartan subalgebra if T has cm. a. p. and f3\ (F) > 0. Likewise, for the same 
r, and a profinite free p.m. p. ergodic action of F on an standard probability space X, 
M = L°°(X) X F has a unique Cartan subalgebra (up to unitary conjugacy). 

Remark 40. In [29], analogous results were obtained assuming moreover given a proper 
cocycle in a non-amenable representation. If we can replace, as seen in the previous corollary, 
the unbounded cocycle valued in the regular representation by one valued in a non-amenable 
mixing representation, we have to assume sligthly more than them on the representation. 
Basically the mixingness (compactness) of the representation replaces the properness of the 
cocycle. 
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